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ABSTRACT
Title of dissertation: FLOW AND INTERFACIAL DYNAMICS
IN VASCULAR VESSELS AND MICROFLUIDICS
Yechun Wang, Doctor of Philosophy, 2007
Dissertation directed by: Professor Panagiotis Dimitrakopoulos
Department of Chemical and Biomolecular Engineering
This dissertation investigates the hemodynamic forces on endothelial cells and
leukocytes adherent on vascular vessels as well as the interfacial dynamics of droplet
motion in microfluidic channels. In addition, we develop a novel three-dimensional
spectral boundary element algorithm for interfacial dynamics in Stokes flow.
The hemodynamic forces exerted on endothelial cells or white blood cells ad-
hered to the inner wall of vascular vessels affect the physiological behavior of these
cells via mechano-transduction or receptor-ligand binding. The current study in-
vestigates the relative importance and nature of the two components of the hemo-
dynamic force, i.e., the shear and normal force, exerted on the cell. We consider a
wide range of vascular vessels (from capillaries to arteries) and the spreading angles
of the cell. Based on computational investigation and scaling analysis, our study
demonstrates that the normal force contributes significantly to the total force on the
cell and its influence is much more substantial in small vessels. We also show that
the spreading of the cell on the vessel wall should not be ignored especially in small
vessels. Our results may also be applied to the fluid forces on other protuberances
of biological nature attached to vascular vessels (e.g. cancer cells and biofilm) and
to the fluid forces over humps in microfluidic channels and porous media.
In addition, we develop a novel three-dimensional spectral boundary element
algorithm for interfacial dynamics in Stokes flow by utilizing a Hermitian interfacial
smoothing and an element-based adaptive mesh reconstruction. The main attrac-
tion of this approach is that it exploits all the benefits of the spectral methods (i.e.,
exponential convergence and numerical stability) without being affected by the dis-
advantage of the spectral methods employed in volume discretization which create
denser systems.
We also investigate the droplet motion in confined geometries which is primar-
ily motivated by the recent development of microfluidic devices and has applications
in the enhanced oil recovery, lubrication and coating processes. Our study on the
inertialess motion of a buoyant droplet left to rise (or sediment) near a vertical solid
wall reveals the influence of the Bond number and viscosity ratio on the droplet
rising and migration velocity. We also show that analytical solutions fail to predict
the correct droplet migration velocity.
In addition, we consider the pressure-driven motion of a surfactant-free droplet
in a square micro-channel where we focus our interest on droplets whose size is
comparable to the channel size. The influence of the capillary number, viscosity
ratio and drop size on the droplet deformation and traveling velocity is investigated.




Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment




Professor Panagiotis Dimitrakopoulos, Chair/Advisor
Professor Raymond A. Adomaitis







My sincere gratitude goes to my advisor, Professor Panagiotis Dimitrakopou-
los for his advice, support and patience in guiding my graduate study. I would never
accomplished my projects without his encouragement and motivation. In addition,
from him I also learned and developed good attitudes in research and grasped the
necessary skills in scientific writing. I would also like to acknowledge my commit-
tee members, Professors Raymond Adomaitis, Kyu Yong Choi, Kenneth Kiger and
Evanghelos Zafiriou for their valuable time and insight.
I am grateful for the discussion and friendship of Professor Dimitrakopoulos’
group members Inuka Dissanayake and Walter Dodson, as well as all the Chinese
graduate students in the department. I am also thankful to the staff of the De-
partment of Chemical and Biomolecular Engineering for their kind assistance in my
study.
I own my gratitude to my dearest parents, Feng Wang and Hui Yang, and my
husband, Chao You, for their love and support. I would also like to thank my friends
and host family here in the United States for their kindness and companionship.
This research was supported in part by the National Science Foundation (grant
CTS-0218770), the Petroleum Research Fund of the American Chemical Society, and
the National Center for Supercomputing Applications in Illinois.
ii
Table of Contents
List of Figures v
1 Introduction 1
1.1 Flow in Vascular Vessels . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Interfacial Dynamics in Stokes Flow . . . . . . . . . . . . . . . . . . . 5
1.2.1 Buoyancy-Driven Motion of a Droplet Along a Solid Wall . . . 6
1.2.2 Droplet Dynamics in a Microfluidic Channel . . . . . . . . . . 8
1.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2 Mathematical Formulation 16
2.1 Boundary Integral Equations (BIE) for Stokes Flow . . . . . . . . . . 16
2.2 BIE for a Free Suspended Droplet . . . . . . . . . . . . . . . . . . . . 18
2.3 BIE for a Droplet Moving Near a Solid Surface . . . . . . . . . . . . . 20
2.4 BIE for a Droplet in a Microfluidic Channel . . . . . . . . . . . . . . 21
3 Numerical Method for Interfacial Dynamics 23
3.1 Spectral Boundary Discretization . . . . . . . . . . . . . . . . . . . . 24
3.2 Time-Integration Algorithm . . . . . . . . . . . . . . . . . . . . . . . 26
3.3 Interfacial Smoothing . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.4 Adaptive Mesh Reconstruction . . . . . . . . . . . . . . . . . . . . . . 34
3.5 Interfacial Dynamics of a Free Suspended Droplet . . . . . . . . . . . 38
4 Flow in Vascular Vessels 44
iii
4.1 Assumptions and Problem Description . . . . . . . . . . . . . . . . . 45
4.2 Definition of Physical Variables . . . . . . . . . . . . . . . . . . . . . 51
4.3 Results, Analysis and Discussion . . . . . . . . . . . . . . . . . . . . . 54
5 Buoyancy-Driven Motion of a Droplet Along a Solid Wall 78
5.1 Problem Description . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.2 Results and Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
6 Interfacial Dynamics in a Microfluidic Channel 99
6.1 Problem Description . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
6.2 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
6.3 Effect of the Drop Volume . . . . . . . . . . . . . . . . . . . . . . . . 107
6.4 Effect of the Capillary Number . . . . . . . . . . . . . . . . . . . . . 111
6.5 Effect of the Viscosity Ratio . . . . . . . . . . . . . . . . . . . . . . . 116
6.6 Droplet Released at a Position Off the Centerline . . . . . . . . . . . 125




2.1 Illustrations for the geometry of the BIEs (2.3) and (2.6). . . . . . . . 18
2.2 Illustration of a droplet freely suspended in an infinite fluid. . . . . . 19
2.3 Droplet interface Γ enclosed by a fluid surface Sf and a solid plane
Sw. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 Drop interface Γ enclosed by a fluid surface Sf and a solid capillary
Sw. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.1 Spectral boundary element discretization of a spherical droplet into
NE = 6 elements. The figure illustrates Gauss-Lobatto Legendre dis-
tribution of nodal lines with NB = 12 spectral points in each direction. 25
3.2 The time evolution of a drop deforming in a planar extensional flow
for Ca = 0.2 and λ = 0.01. A 4th-order Runge-Kutta (RK4) method
without interfacial smoothing is employed with NE = 6, NB = 12
and ∆t = 2 × 10−3. The droplet deformation parameter D will be
defined in section 3.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.3 Illustration for the curvilinear coordinates (ξ, η) and the local Carte-
sian coordinates (xL1 , x
L
2 ). Two neighbor elements A and B are dis-
played. The points a and b are two coincident points belonging to
elements A and B, respectively, and should overlap after the interfa-
cial smoothing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
v
3.4 The time evolution of a drop deforming in a planar extensional flow for
the same parameters as in figure 3.2 except that now the first-order
interfacial smoothing is employed in each time step. The droplet
shape is shown for time t = 0.28, i.e., step Ns = 140. The current
deformation is D = 0.267. . . . . . . . . . . . . . . . . . . . . . . . . 35
3.5 Layout for element division into (a) two, and (b) five elements. The
solid line represents the original element while the dashed lines show
the resulting elements after division. . . . . . . . . . . . . . . . . . . 37
3.6 A significantly elongated droplet with λ = 0.5 and Ca = 0.25 at time
t = 1.35 in a planar extensional flow. The current droplet deformation
is D = 0.61. The length is increased by 126.5% while the width is
reduced by 46%. The droplet evolves from an initially spherical shape
with 6 elements. After dividing the two ends into 5 elements each,
the current droplet interface contains 14 elements. . . . . . . . . . . . 38
3.7 Dynamics near the critical condition for a droplet with viscosity ratio
λ = 0.5 in a planar extensional flow: (a) the maximum normal ve-
locity versus deformation D; (b) the maximum normal velocity versus
time t. The capillary number varies Ca = 0.1, 0.13, 0.1355, 0.138, 0.15, 0.16, 0.2.
Curves are generated by employing the 4th-order Runge-Kutta time-
integration algorithm with ∆t = 1×10−4 and the first-order smooth-
ing technique. The tangential velocity is applied with ct = 0.2. . . . . 42
vi
3.8 Relative error in the computed deformation D versus the number of
spectral points N for a droplet with λ = 0.5 in a planar extensional
flow. (a) Subcritical flow with Ca = 0.13 at time t = 0.3 when the
droplet length has been increased by 24% while the width decreased
by 18% (D = 0.205). NE = 6 spectral elements are employed. (b)
Supercritical flow with Ca = 0.25 at time t = 1 when the droplet
length has been increased by 91% and the width decreased by 40%
(D = 0.523). NE = 14 spectral elements are employed. In both
cases, the number of basis points NB varies from 7 to 13 and the
results for NB = 15 were employed to determine the numerical error.
The tangential velocity is employed with ct = 0.5 in (a) and ct = 1.5D
in (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.1 A cell attached to the inner surface of a blood vessel. . . . . . . . . . 45
4.2 The variation of the spreading angle θ as a function of the azimuthal
angle φ for θ0 = 90
◦ and different cell sizes ã/R. For this θ0 the
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ical problem with ã/R = 0.384 (corresponding to a/R = 0.5) and
θ0 = 90
◦, as the number of basis points NB increases form 5 to 13.
The results for NB = 15 is employed for the error determination.
This figure is generated by applying NE = 39 spectral elements; the
resulting exponential convergence is mainly associated with the spec-
tral discretization on the cell and thus it can also be achieved with a
smaller number of spectral elements on the vessel wall. . . . . . . . . 52
4.5 Illustration of the variation of the two independent geometric param-
eters of the current problem: (a) the increase in the cell volume V
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This dissertation considers the following projects: i) the flow in vascular vessels and
the hemodynamic forces exerted on the biological cells adhered to the surface of a
blood vessel, ii) the development of a three-dimensional spectral boundary algorithm
for interfacial dynamics in Stokes flow, iii) the buoyancy-driven motion of a droplet
moving along a vertical solid wall, and iv) the interfacial dynamics in a microfluidic
channel. In this chapter, background information is provided for all these projects.
1.1 Flow in Vascular Vessels
In physiological systems, the hemodynamic forces exerted on endothelial cells play
a pivotal role in the mechano-transduction phenomena (which relates the hemody-
namic forces received by endothelial cells and the chemical/biological signals they
send out) [19, 26, 27, 36, 42, 67, 72, 74, 96]. Balanced by the receptor-ligand binding
forces [28, 40], hemodynamic forces are also of great importance in the adhesion of
the leukocytes onto the surface of blood vessels. Other protuberances in vascular
vessels such as the blood clots and cancer cells are also subject to the influence of
the hemodynamic force and its components [10].
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The hemodynamic forces exerted on biological cells (either endothelial cells or
leukocytes) protruding from the blood vessel wall have been determined by a variety
of computational models. Hazel and Pedley [34] studied the hemodynamic force on
vascular endothelial cells in large arteries. The cell was modeled as an ellipsoidal
solid protuberance, while the artery was simplified into a solid plane due to the
large diameter of the artery relative to the cell size. Several combinations of the cell
height, length and width were considered to determine the cell configuration which
minimizes the total hemodynamic force on the cell. Gaver and Kute [28] modeled
a micro-channel and the adhered endothelial cell or leukocyte as two parallel plates
and a semi-circular bulge. A two-dimensional flow between the plates were assumed.
The lubrication theory was then employed in the study to validate the numerical
results.
Studies have considered the fluid forces on leukocytes in post-capillary vessels
by modeling the cells as solid spheres and the vessels as cylindrical tubes. Chapman
and Cokelet [9, 10] determined the drag force on a single adherent leukocyte as a
function of the leukocyte-to-vessel diameter ratio and the Reynolds number based on
dimensionless analysis, experiments and computations. They showed that the drag
force increases considerably with the cell size in small vessels. The same authors later
extended their study to multiple adherent leukocytes in post-capillary vessels [11].
They found that the drag force on a leukocyte may be greatly affected by the relative
configuration of neighbor leukocytes. Similar results were reported by Sugihara-Seki
and Skalak [77, 78]. In a later study, Sugihara-Seki [79] showed that for moderate and
small vessels, the flow around an adherent leukocyte in a cylindrical vessel cannot be
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approximated by a parallel-plate channel. Sugihara-Seki and Schmid-Schonbein [80]
also determined the shear stress distribution on the leukocyte membrane and its
vicinity for adherent, rolling and free-suspended leukocytes.
In the afore-mentioned studies the surrounding liquid was modeled as a New-
tonian fluid, and the cells were considered as rigid spheres or protuberances. Das,
Johnson and Popel [16] determined the flow resistance due to leukocyte adhesion
by modeling the surrounding liquid as a non-Newtonian Casson fluid except very
close to the vessel wall. Based on that study, the increase of vascular resistance
due to the leukocyte adhesion is smaller for a non-Newtonian fluid than that for a
Newtonian fluid, but the difference is rather small. Liu and Wang accounted for the
cell’s interfacial deformation by considering three possible models (a single drop,
a compound drop and a nucleus drop) for a two-dimensional adherent leukocyte
in steady shear flow [48]. Models to describe the receptor-ligand bindings for cell
adhesion have also been employed, e.g. [40, 56].
Our interest in these physical systems focuses on determining the nature of
the hemodynamic force on these cells as well as the relative importance of the two
components of the hemodynamic force, i.e., the shear stress and the normal force.
We emphasize that previous studies, mainly in the last two decades, have attributed
the behavior, or changes in the behavior, of the endothelium to the influence of one
of the two components of the hemodynamic force, i.e., the influence of the shear
stress. For example, the shear stress was found to affect the production of prostacy-
clin and nitric oxide [26, 27], the endothelial hydraulic conductivity through signal
transduction [74], and the regulation of occludin content and phosphorylation [19].
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The ability of endothelial cells to induce adhesion and migration of flowing enu-
trophils was found to be affected by the magnitude of shear stress in the presence of
tumor necrosis factor-a [72]; the ability was also found to be affected by oscillatory
shear stress [42]. The endothelial surface layer (glycocalyx) was found to act as a
mechano-transducer of the fluid shear stress to the actin cortical cytoskeleton of the
endothelial cells [96]. The biomechanical forces also affect the endothelial structure
and functions such as the permeability to macromolecules, lipoprotein accumulation
and the repair near branch points [67]. In addition, shear stress acting at the en-
dothelium surface was found to produce rapid deformation of intermediate filament
networks [36]. Thus, the influence of the second component of the hydrodynamic
force on the endothelium, i.e., the normal force or pressure, has been overlooked.
In Chapter 4, we focus on the hemodynamic forces exerted on protuberances of
biological nature in vascular vessels, such as endothelial cells, adherent leukocytes
and cancer cells, as well as the blood clots formed during coagulations [10]. A
wide range of spreading angles and vascular vessels are considered. The nature
of the normal and shear force components, as well as their relative importance
on the adherent cells are identified. We point out the importance of the normal
force exerting on the endothelial cells and leukoctyes adherent to the inner surface
of blood vessels, and we expect to inspire experimental or clinical studies on the
normal force affecting the cell behavior. A comprehensive study on this topic, via
both numerical calculations and scaling analysis, has been included in our recent
publications [93, 94].
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1.2 Interfacial Dynamics in Stokes Flow
Studies on particle movement in wall-bounded flows have been conducted ever since
the discovery by Segue and Silberberg [68, 69], who demonstrated that neutrally
buoyant rigid particles moving in a Poiseuille flow experience a migration towards
the center of the flow and tend to accumulate in an annulus with a well-defined
radius. The same phenomenon has also been observed in deformable red blood cells
migrating in blood vessels as well as in rigid glass tubes.
The study on the deformation and migration of neutrally buoyant droplets
in micro-channels is intrigued by the recent development of microfluidic devices.
For example, micro-channels are employed for droplet sorting and fission [84, 47].
Droplets moving in microfluidic channels are utilized as “micro-reactors” in order
to control chemical reactions on the milli-second scale [76]. The theoretical study
on the deformation of the fluid droplets in the micro-channels may give advice on
appropriate design or operation of microfluidics devices for stabilizing (e.g. in foam
generation) or eliminating (e.g. in fuel cells) droplets.
Besides microfluidics, non-wetting droplets in micro-channels are also encoun-
tered in other industrial processes. In the lubrication process, lubricants usually
contain a small amount of immersed bubbles altering the performance of journal
bearings and squeezing film dampers [70]. According to the theoretical approach
used by Bretherton [6], the equilibrium shape of an elongated droplet (the size of
which is much larger than the width of the solid channel) in capillaries can be di-
vided into three regions: bubble cap, transition region and the uniform film region.
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The film thickness of the third region is of great interest in the enhanced oil recov-
ery technology and coating process. In the enhanced oil recovery, foam is generated
within the underground porous media to displace the oil. An accurate estimation of
the wetting film thickness between the long droplet and the pore wall is desired in
order to predict the percentage of recoverable oil. In the coating process, the wetting
film thickness is also a direct measure of the coating load in monolithic channels [46].
The fundamental physics of bubble behavior in micro-channels is also essential in
the operating and design of fuel cells, e.g. the removal of CO2 bubbles in the anode
channel of a direct methanol fuel cell(DMFC) [51]. In addition, the investigation on
the dynamics of droplets moving in solid tubes or channels may provide information
on the development of prescription to destroy or destabilize intra-vascular bubbles
which occlude blood vessels and may lead to vital organ damage or sickness [18],
e.g. the decompression sickness suffered by deep sea divers.
In order to provide physical insight for the interfacial dynamics in wall-bounded
flows, we analyze the droplet motion in the following two cases: i) the buoyancy-
driven motion of a droplet along a vertical solid wall and ii) the droplet dynamics
in microfluidic channels.
1.2.1 Buoyancy-Driven Motion of a Droplet Along a Solid Wall
Determining the rising or sedimenting velocity of droplets near a wall is pivotal
for designing and predicting the efficiency of processes involving multi-phase flows.
Since 1960’s, people have been investigating the motion a spherical-like particle
(either fluid or solid spheres) moving parallel to a single infinite solid wall or between
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parallel plates [31, 33, 43, 58, 70, 71, 81, 82, 83, 91, 101]. Recently, theoretical and
experimental studies started to consider deformable droplets moving along solid
walls by shear or Poiseuille flows [75, 52, 89, 90]. Efforts were also made to the
buoyancy driven motion of droplets in an otherwise quiescent fluid. Magnaudet,
Takagi and Legendre [52] analytically investigated the drag and deformation of a
slightly deformed droplet by shear flow as well as by buoyancy along a solid wall
at low Reynolds numbers. Takemura, Takagi, Magnaudet and Matsumoto [81],
Takemura [83], and Takemura and Magnaudet [82] experimentally determined the
drag acting on a spherical bubble rising near a vertical wall in a quiescent liquid
for small and moderate Reynolds numbers respectively. Zeng, Balachandar and
Fischer [101] performed numerical simulations for a rigid sphere at finite Reynolds
numbers. Nevertheless, to our knowledge no numerical determination for the wall
effect on a deformable droplet rising or sedimenting in a quiescent liquid at low
Reynolds number has been carried out so far.
In Chapter 5, we investigate the inertialess motion of a buoyant surfactant-free
droplet left to rise from an initially spherical shape close to a vertical wall. This
problem has been included in the recent analytical study of Magnaudet, Takagi and
Legendre [52] who considered the effects of deformation, inertia and linear shear
flow on the motion of a buoyant droplet near a solid vertical wall. We note that the
afore-mentioned analytical investigation is based on quasi-steady conditions, i.e.,
the time plays no direct role in the droplet motion. Thus, the goal of the current
study is to investigate the initial transient effects on the droplet motion. We also
compare our numerical results with the analytical predictions [52] to verify their
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range of validity. Of particular importance is the verification (or rejection) of the
analytical prediction that the direction of lateral migration depends on the viscosity
ratio [52]. This study has been included in our recent publication [95].
1.2.2 Droplet Dynamics in a Microfluidic Channel
A plethora of studies have been conducted to investigate the motion of a long
droplet/bubble with an open end displacing the wetting fluid filled in cylindrical
capillaries. Bretherton [6] and Chen[12] both observed from their experiments that
the film thickness in the uniform film region monotonically decreases as the capillary
number Ca = µUb/γ decreases until it approaches a plateau at low Ca. The bubble
velocity is denoted as Ub, and γ is the interfacial tension. Bordan and Pallinti [5]
experimentally examined the buoyancy-driven motion of a viscous droplet (λ 6= 0)
through a vertical cylindrical capillary. The results showed that the thickness of
the liquid film surrounding a large droplet increases with the Bond number and
approaches a plateau at high Bond number Bd. For bubbles (λ = 0), Bretherton [6]
derived by lubrication theory that the film thickness is proportional to Ca2/3 for
vanishing capillary number Ca. By an arc-length formulation of a composite lu-
brication equation, Ratulowski and Chang [66] extended Bretherton’s analysis [6]
to higher capillary numbers. Hodges, Jensen and Rallison [41] theoretically investi-
gated the effect of viscosity ratio λ on the drop motion and the film thickness. They
predicted that the film thickness increases monotonically with λ until it reaches a
plateau when Ca−1/3  λ  Ca−2/3 and then falls down as λ → ∞. Finite element
analysis (Shen and Udell [73], Giavedoni and Saita [29, 30]) was also applied to
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describe the steady-state shape of the bubble-liquid interface for the long bubble or
air finger in the tube.
A few studies have been contributed to the investigation on drops whose size
is comparable to the size of the tube. Ho and Leal [39] experimentally studied the
shape and mobility (i.e., velocity) of a periodic array of droplets with size ranging
from 0.7 up to 1.1 times the tube radius, and with a capillary number up to 0.1.
Olbricht and Kung [57] expended the afore-mentioned study to include the capillary
number of O(1) and investigated the conditions that lead to droplet breakup. These
experiments demonstrated the bullet-like droplet shape with a tapered nose and
a blunt end, as a result of the shearing force on the interface. They also showed
that the droplet speed is strongly correlated with the drop shape, and both of
them are influenced significantly by the capillary number. The boundary integral
equations were applied in the numerical studies (e.g. Tsai and Miksis [88], Martinez
and Udell [53]) conducted for this problem. The droplet size ranges from 0.5 to
1.2 times of the tube radius. Axisymmetric conditions were applied. Coulliette
and Pozrikidis [14] employed a fully three-dimensional boundary integral method
incorporated with a periodic Green’s function to study the motion of an array of
droplets moving in the cylindrical tube. The situation of a droplet released off the
centerline of the tube was also considered. However the drop size only ranged from
0.1 to 0.7 times of the tube radius, and the viscosity ratio was fixed as 1 due to the
constraints of this particular numerical method.
Droplet behavior in non-axisymmetric (i.e., square, rectangular or elliptic)
capillaries, however, has received less attention, although those capillaries may be
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employed as models better than circular ones in describing the irregular and angu-
lar nature of porous media [46, 97]. Traditionally, the investigation of this problem
was intrigued by the applications in porous media involving droplet mobilization,
such as enhanced oil recovery which utilizes gas bubbles to displace oil remaining
in the reservoir [65, 66]. More recently, the development of coating technologies,
biomechanics and microfluidic devices has raised a great interest in the problem of
droplet motion in channels with non-axisymmetric cross-sections. In the coating
of monolithic structures in the manufacturing of catalytic converters, long bubbles
with the end open (i.e., air fingers) are pushed through polygonal capillaries filled
with another fluid, the thickness of the film left on the capillary wall is the critical
parameter in determining the quality of the coating process [44, 46]. According to
Hazel and Heil [35], a long air finger is believed to reopen collapsed airway suffering
from lung diseases. The study on the pressure drop need to push a long bubble
through a non-axisymmetric tube may provide information in the mechanism of the
airway reopening problem. The bubbly flow has also been encountered in microflu-
idic devices such as high-density multi-chip modules in supercomputers, high-flux
heat exchangers in aerospace systems, cryogenic cooling systems in satellites [4].
Previous studies concerning the interfacial dynamics in channels focused mostly
on the motion of highly elongated bubbles (with a size much larger than that of the
channel cross-section), or air fingers (long bubbles with one end open). Ransohoff
and Radke [65] investigated the behavior of a long bubble or droplet under the weep-
ing flow of a wetting liquid in a constricted noncircular capillary. Ratulowski and
Chang [66] studied the problem of a neutrally buoyant long bubble with a constant
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velocity pushed through a straight noncircular capillary. Lubrication analysis was
employed to compute the pressure drop and wetting film thickness for a single bubble
and bubble trains moving in square capillaries. Kolb and Cerro [44, 46] conducted
both experimental studies and the lubrication analysis on the motion of an air fin-
ger in a square capillary. In their studies, the density difference between the bubble
and the suspending fluid was taken into consideration. The flow field between the
bubble and the square solid channel was determined experimentally via a sequential
particle tracking technique [44] as well as analytically by assuming the bubble has
a circular cross section [45]. Thulasidas, Abraham and Cerro [87] later augmented
Kolb and Cerro’s experiments by including the investigation of bubble-train flow in
square capillaries. For a train of bubbles and an air finger bubble, they considered
the bubble velocity and the volume fraction of the gas under the influence of the
flow rates of feeding gas or liquid. Wong, Radke and Morris [97, 98] determined
the pressure-velocity relation for a long bubble moving in polygonal capillaries in
the limit of Ca → 0. By employing the finite element analysis, Hazel and Heil [35]
extended Wong et al.’s study [97, 98] into Ca = O(1) for square capillaries, and
also included in-depth investigation for the steady motion of a long bubble in both
rectangular and elliptical capillaries.
So far, to our knowledge the only computational study on the motion of a
deformable droplet with a comparable size to the square channel was conducted by
Mortazavi and Tryggvason [54]. They considered the droplet motion under the in-
fluence of the viscosity ratio, the capillary number and the Weber number. However,
their study was restricted to 2D droplets at low Reynolds numbers.
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In Chapter 6, we study the deformation and velocity of a deformable droplet
moving in a micro-channel with a square cross-section. The droplet size is smaller
than or comparable to the size of the channel. We emphasize that this study is im-
portant since droplets with comparable size to the channel is frequently encountered
in microfluidics as well as in the enhanced oil recovery, while the previous results
based on the theoretical analysis for very large bubbles are not applicable to the
current problem. We first study the droplet deformation/shape and the velocity
under the influence of the capillary number, viscosity ratio and the droplet size, as
the droplet moves along the channel centerline. The last two influencing factors are
encountered frequently in microfluidics, but have long been overlooked in previous
studies for long bubbles or air fingers. We then proceed to study the cross-stream
migration of a droplet released at a location off the channel centerline. To our
knowledge, so far the cross-stream migration of the droplet in a micro-channel has
not been investigated in a fully three-dimensional manner. The results of this study
may provide guide to the operation and design of microfluidic devices such as foam
generation or droplet sorting devices.
1.3 Summary
The spectral boundary element method [21, 37] is employed to analyze the hemody-
namic force and its components (i.e., shear stress and normal force) over a biological
cell (endothelial cells or leukocytes) adhered on the surface of blood vessels. The
importance of this study lies in the fact that the hemodynamic forces play a pivotal
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role in the behavior of vascular endothelial cells via mechano-transduction, as well as
in the adhesion of leukocytes onto the blood vessel wall. Our study on both the force
and the local stress over the cell surface suggests that the normal force contributes
significantly to the total force and thus cannot be neglected. For less spread leuko-
cytes, cancer cells or blood clots adhering to the surface of blood vessels, the effects
of the normal force are even more pronounced. A scaling analysis is employed to
provide more physical insight for the understanding of the nature of the fluid force
components. The conclusion of this study may affect the studies on cell adhesion
and the progress of associated diseases. Moreover, our study also helps explain the
nature of fluid forces over protuberances in microfluidics and porous media, e.g. the
ones formed by the adhesion of capsules and cells in microfluidic devices and biofilm
formation.
In addition, we have developed a novel three-dimensional spectral boundary
element algorithm for interfacial dynamics in Stokes flow as described in Chapter 3.
The main attraction of this approach is that it exploits all the benefits of the spectral
methods (i.e., exponential convergence and numerical stability) with the versatility
of the finite element method (i.e., the ability to handle the most complicated geome-
tries). Our method also exploits all the benefits of the boundary element techniques,
i.e., reduction of the problem dimensionality and great parallel scalability. Our al-
gorithm is the only available high-order methodology for the problem of droplet
deformation in viscous flows. In order to preserve the continuity of the interfacial
geometry and its derivatives, a suitable interfacial smoothing algorithm based on
a Hermitian-like interpolation was developed. The smoothing technique preserves
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the main advantage of the spectral method, i.e., , the exponential convergence in
the interfacial accuracy as the number of spectral points increases. An adaptive
mesh reconstructing procedure based on relative lengths of the spectral elements
was also developed. By applying this algorithm to several interfacial problems in
extensional and shear flows, we find that our results are in excellent agreement with
experimental findings, analytical predictions and previous numerical computations.
This dissertation also consider the rising/sedimenting motion of a buoyant
droplet along a vertical solid wall. The droplet velocity and deformation are closely
monitored and evaluated under the influence of viscosity ratio and Bond number.
We find that as the droplet rises along a vertical solid wall due to buoyancy, the
droplet deforms and migrates away from the wall with a migration velocity inversely
proportional to the square of the droplet-to-wall distance. In the circumstance
of negligible inertia, the droplet deformation as well as the rate of deformation
decide the velocity of the droplet migrating away from the wall. We closely compare
our findings with previous analytical solutions, and find that the analytical models
predicted quite well the rising velocity and the deformation of droplets near solid
walls for the viscosity number λ = O(1) and Bond number Bd = O(1), but they
erroneously predicted the droplet lateral motion towards the solid wall for 0.21 <
λ < 3.12.
As the last part of the dissertation, we examine the motion of a droplet moving
in a microfluidic channel. We find larger droplets travel more slowly in the flow
direction due to the confinement of the channel wall. Droplets with a larger capillary
number or a smaller viscosity are found to translate with a higher velocity. In
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addition, we compared the droplet behavior in the square channel with that in a
cylindrical tube which has a radius identical to the circle subscribing the square
channel. We note that the droplet deformation is smaller but the droplet speed is
higher if the cross-section is square. For a droplet released at a position off the
centerline, we find a larger droplet migrates faster towards the channel centerline.
For a droplet with a larger capillary number, the higher deformation of the droplet
interface may also accelerate the drop’s migration towards the centerline.
Our study on the hemodynamic forces exerted on biological cells adhered on
vascular vessels has resulted in two publications: the first paper was published
in Physical Review Letters [93] while the second one was published in Physics of
Fluids [94]. The novel interfacial algorithm along with the buoyancy-driven droplet
motion near the solid wall was also published in Physics of Fluids [95]. Our work on
the droplet dynamics in a microfluidic channel will be submitted for publication in
the near future. In addition, our results were presented in national and international





Since the pioneering work of Youngren and Acrivos in 1970’s [100], the boundary
integral algorithm has been developed considerably and applied successfully in inter-
facial dynamics in Stokes flow. The main benefits of this approach are the reduction
of the problem dimensionality by one and the great parallel scalability. In this
chapter, we describe the basic boundary integral equation (BIE) in section 2.1. By
combining with different boundary conditions and geometries, we then present a
variety of BIEs employed by the computational studies of the physical problems
discussed in this dissertation.
2.1 Boundary Integral Equations (BIE) for Stokes Flow
When the Reynolds number is sufficiently small, the inertial terms in the Navier-
Stokes equations are neglected and the flow is governed by Stokes equations
∇ · σ ≡ −∇p+ µ∇2u = 0 (2.1)
and the continuity
∇ · u = 0 (2.2)
16
where σ represents the stress tensor, p the dynamic pressure, µ the viscosity of the
fluid and u the velocity vector.
By introducing the fundamental solutions Sij and Tijk for the three-dimensional
Stokes equation (2.1) and the continuity (2.2), and by integrating over a volume of
fluid bounded by a surface SB shown in figure 2.1(a), the velocity at a point x0 on






(S · f − µT · u · n) dS (2.3)
which relates the velocity u at each point x0 along the boundary SB by the surface
integral of the stress and velocity over all the points x on the same boundary. The
normal vector n points into the domain surrounded by the boundary SB while the
force vector f is defined by fj(x) = σjk(x)nk(x). The fundamental solution for the












where x̂ = x−x0 and r = |x̂|. A detailed derivation may be found in Pozrikidis[60].
Equation (2.3) can be named as the “inner” equation since it solves for the
fluid flow inside a specific boundary SB shown in figure 2.1(a). The boundary SB
may be composed of both fluid and solid surface. By applying different boundary
conditions, the “inner” equation itself may have numerous applications; one example
is the numerical study of the hemodynamic forces exerted on biological cells adherent
















Figure 2.1: Illustrations for the geometry of the BIEs (2.3) and (2.6).
Similar to the “inner” equation, an “outer” equation can be derived to express







(S · f − µT · u · n) dS (2.6)
where u∞ is the velocity far from the surface boundary SB and the normal vector
n points into the flow (i.e., out of the boundary SB). Both the “inner” and “outer”
equations are important in deriving boundary integral equations for Stokes flow in
various complex geometries which we are going to explore throughout the study.
2.2 BIE for a Free Suspended Droplet
Consider the case of a droplet with density ρ1 and viscosity µ1 = λµ suspended in
an infinite fluid with density ρ2 and viscosity µ2 = µ, as illustrated in figure 2.2.
The interfacial tension γ is assumed to be constant while u∞ is the flow velocity far
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Figure 2.2: Illustration of a droplet freely suspended in an infinite fluid.
normal vector n points into the fluid outside the interface SB.
The interior fluid is driven to flow by the exterior flow. The “inner” and
“outer” equations (2.3) and (2.6) now apply to the interior and exterior domains,
respectively. After subtracting equation (2.3) from equation (2.6), the velocity of a
point x0 on the interface SB is given as







(S ·∆f − µ(1− λ)T · u ·n) dS (2.7)
where the velocity u and the jump of the interfacial stress ∆f are defined by the
interfacial boundary conditions:
u = u1 = u2 (2.8)
∆f ≡ f 2 − f1 = γ(∇ · n)n+ (ρ2 − ρ1)(g · x)n (2.9)
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where the subscripts “1” and “2” represent the internal and external flow, respec-
tively. If ∆f is known, then equation (2.7) becomes a Fredholm integral equation
of the second kind in solving for the interfacial velocity u.
2.3 BIE for a Droplet Moving Near a Solid Surface
We consider a droplet with density ρ1 and viscosity λµ suspended in a fluid with
density ρ2 and viscosity µ bounded by a solid wall with an arbitrary shape (note
that the solid surface is much larger than the size of the droplet and it may be
assumed to extend to infinity). The surface tension γ on the droplet interface Γ is
assumed to be constant while u∞ and f∞ are the flow velocity and force far from
the droplet. The magnitude of the gravity acceleration is g.
Consider a close domain formed by a fluid boundary Sf and the solid surface
Sw around the droplet interface Γ, as shown in figure 2.3. We define the normal
vector n on boundaries pointing to the fluid outside the droplet, the velocity at a









[S · (f 2 − f
∞)− µT · (u2 − u
∞) · n] dS (2.10)
where Ω = 4πµ(1 + λ) and 4πµ for x0 on Γ and S
w, respectively; Ω0 = 4πµ for x0
both on Γ and on Sw. The integral on Sf vanishes in the limit as the fluid boundary
Sf approaches infinity.
Boundary conditions (2.8, 2.9) are applied for the velocity u and the jump in













(a) (b)Figure 2.3: Droplet interface Γ enclosed by a fluid surface Sf and a solid plane Sw.
solid wall Sw and on the fluid boundary Sf far away from the droplet give
u = 0 on solid surface Sw (2.11)
u → u∞ on fluid surface Sf (2.12)
2.4 BIE for a Droplet in a Microfluidic Channel
We consider the case when a droplet with density ρ1 and viscosity λµ translates
through a solid capillary (i.e., either a channel or a tube) filled with a second fluid
with density ρ2 and viscosity µ. The surface tension γ on the droplet interface is
assumed constant while u∞ and f∞ are the velocity and force of the Poiseuille flow
far from the droplet in the capillary.
The droplet Γ is enclosed by a fluid boundary Sf at the inlet and outlet of the
capillary and the capillary wall Sw as shown in figure 2.4. The normal vector n is
defined to point into the fluid inside the capillary. Based on the Stokes equations













(a) (b)Figure 2.4: Drop interface Γ enclosed by a fluid surface Sf and a solid capillary Sw.












[S · f2 − µT · u2 · n] dS (2.13)
where Ω = 4πµ(1 + λ) for x0 on the droplet interface Γ, and Ω = 4πµ on the fluid




Numerical Method for Interfacial
Dynamics
Considerable progress has been made to determine the deformation of droplets and
bubbles in external flows. Several numerical methodologies have been developed
based on low-order interpolation schemes [1, 49, 63, 64, 102]. In this study, we
develop a three-dimensional spectral boundary element method, which includes a
high-order discretization and interpolation algorithm (section 3.1), a time advancing
scheme (section 3.2), an interfacial smoothing scheme which preserves the geometric
continuity over the interface (section 3.3), as well as adaptive mesh reconstruction
methods developed to adjust the interfacial discretization as the interface deforms
(section 3.4). We then calculate the deformation of a single droplet freely suspended
in an unbounded viscous flow in section 3.5. The properties of this interfacial algo-
rithm, i.e., the convergence of the method with respect to the droplet deformation,
are examined. Comparisons with previous studies have been made to verify the
reliability and robustness of our algorithm.
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3.1 Spectral Boundary Discretization
The boundary integral equations are solved using the spectral boundary element
method as described in Muldowney and Higdon [55]. Its accuracy, efficiency and
convergence have been demonstrated in applications involving rigid particles, de-
formable droplets and interacting particles. Higdon and Muldowney [37] applied
this method in the study of the resistance functions for Stokes flow past spherical
particles, droplets and bubbles in cylindrical tubes. Dimitrakopoulos and Higdon
employed both the 2D [20] and 3D [21, 23, 24, 25] boundary element methods in
studies on the displacement of droplets or fluid bridges from solid surfaces in Stokes
flows. In addition, this method has been employed in studies on hemodynamic forces
exerting on biological cells adhered to blood vessels [93, 94].
According to this method, the boundary is divided into a moderate number
NE of curvilinear quadrilateral surface elements (e.g. figure 3.1), each of which is
mapped onto a two-dimensional domain in terms of the parametric variables ξ and
η. The variables are zeros of orthogonal polynomials, such as Legendre, Chebyshev
or Jacobi polynomials, on [−1, 1]. (In this study, we employ basis points of the
Gauss-Lobatto quadrature [7] which facilitate the interfacial smoothing technique










where hi(ξ) and hj(η) are the (NB − 1)-order Lagrangian interpolant polynomial.
The physical variables u and f are represented similarly.
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Figure 3.1: Spectral boundary element discretization of a spherical droplet into
NE = 6 elements. The figure illustrates Gauss-Lobatto Legendre distribution of
nodal lines with NB = 12 spectral points in each direction.
There are two types of points involved in boundary integral equations: i) the
collocation points x0 on the left-hand side of the BIE where the equation is required
to hold, and ii) the basis points x on the right-hand side where the physical variables
u and f are defined. This method defines the collocation points as zeros of a Jacobi
polynomial P α,βN with α = β > −1, so that the collocation points are located in the
interior of an element. As a result, the boundary integral equation holds even for
singular points where the normal vector is not uniquely defines (this usually occurs
at the edge of an element).
The discretized expressions for the geometry and the physical variables are




u = Af +Bu (3.2)
The system matrices A and B are defined as integrals of the kernels S and T (see
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equations (2.4) and (2.5)) and the basis functions over the set of the surface ele-
ments. The numerical integration is performed by Gauss-Legendre quadrature with
the aid of variable transformations described by Higdon[55]. The BIEs, combined
with the boundary data at the NE N
2
B basis points, yield, for a known interface,
a consistent set of 3NE N
2
B equations in 3NE N
2
B unknowns which is solved using
Gaussian elimination since the system matrix is dense.
3.2 Time-Integration Algorithm
In interfacial dynamics, the shape of the droplet x is a function of time t. In order to
determine the interfacial shape, an explicit time-integration algorithm is employed
to solve the kinematic condition at the droplet interface
dx
dt
= (u · n)n+ Utt (3.3)
where the first term at the right-hand side denotes the contribution of the normal
interfacial velocity while the second term includes some velocity tangential to the
interface. Vector n is the normal vector of the known shape and t is a unit tangent
vector of the interface. Note that the interfacial shape is determined by the normal
interfacial velocity; the tangential velocity is employed to produce an even distribu-
tion of the spectral points during the time evolution of the interface. The interfacial
tangential velocity may be given by
Ut t = ct[(u · t1)t1 + (u · t2)t2] (3.4)
where ct is a scalar determining the contribution of the tangential velocity. Vectors
t1 and t2 are the two unit tangent vectors on the drop interface. Similar techniques
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were employed in other boundary integral implementations, e.g. [1, 49, 50, 102].
An explicit Euler or Runge-Kutta method is employed for the time-integration.
The explicit Euler scheme can be written as
x(t+∆t) = x(t) + ∆t[(u · n)n+ Utt] (3.5)
We determine the interfacial velocity u of the known shape x(t) from boundary
integral equations, and then the discretized points of the interface are advanced by
a time interval ∆t to obtain the new shape x(t+∆t).
For the interfacial dynamics of a free suspended droplet, the time step ∆t
should be sufficiently small to ensure numerical stability according to the well-known
Courant condition, which in dimensionless form may be written as
∆t < O(Ca∆xmin) (3.6)
where ∆xmin is the minimum length scale in a the computational problem, e.g. the
minimum grid spacing or the distance between interfaces in close contact [15, 49,
64, 102, 103]. The capillary number Ca is a dimensionless number measuring the
relative importance between the viscous force and the surface tension force. (The
capillary number Ca, viscosity ratio λ, deformation parameter D, pertaining to the
free suspended droplet under external flows will be described later in section 3.5.) In
our computations, we reduce the time step if a lower capillary number is encountered,
or if a larger NB is employed. For gravity-only induced deformation, the time step
should be reduced as the Bond number decreases [17]. The Courant condition is
associated with the explicit nature of the time integration, and thus it is independent
of the type of interfacial discretization. On the other hand, due to its high accuracy
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nature, our method may not require as dense a numerical grid as low-order boundary
element methods, and thus the required time step may be larger.
If we apply the advancing scheme described above without adequate geometric
constraints, the resulting algorithm is unstable after a few time steps. Numerically,
this instability is caused by the discontinuity at the edges of the spectral elements.
Figure 3.2 shows the deformation of a free suspended droplet in a planar extensional
flow with capillary number Ca = 0.2 and viscosity ratio λ = 0.01. The number
of time steps is denoted as Nst while un is the maximum normal velocity at the
interface. Although we have enforced coincidence of the basis points on the edges of
the spectral elements, the discontinuity on the element edges can still be witnessed
in figure 3.2(d) and the droplet interface breaks at the step Nst = 156, i.e., the time
t = 0.312. We note that small differences in numerical accuracy across neighbor
elements accumulate substantially with time after a few steps and eventually lead
to the discrepancies at element edges.
A first-order smoothing technique is derived to resolve this problem. In every
time step, the smoothing scheme adjusts the grid of each element so that the posi-
tion, the tangent and the normal vectors on the element edges are continuous across
the spectral elements. The details of the novel smoothing technique is described in
the next section.
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(a) Nst = 0, time t = 0.000,
D= 0.000, un= 1.59
(b) Nst = 30, time t = 0.060,
D= 0.0877, un= 1.33
(c) Nst = 90, time t = 0.180,
D=0.206, un=0.890
(d) Nst = 140, time t = 0.280,
D= 0.268, un= -281
Figure 3.2: The time evolution of a drop deforming in a planar extensional flow for
Ca = 0.2 and λ = 0.01. A 4th-order Runge-Kutta (RK4) method without interfacial
smoothing is employed with NE = 6, NB = 12 and ∆t = 2 × 10
−3. The droplet
deformation parameter D will be defined in section 3.5.
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3.3 Interfacial Smoothing
Our first-order smoothing scheme eliminates the discrepancies in the position, the
tangent and normal vectors at the element edges across the spectral elements which
are caused by the numerical advancing of the interface. In this section, we first
describe how we smooth the position, the tangent and normal vectors at the element
edges and then we explain how we update the position for all the points on each
spectral element by a two-dimensional Hermitian interpolation.
Let the non-smoothed interfacial shape at time t + ∆t, derived by the time
integration of equation (3.3) above, be identified as x(ξ,η) where ξ and η are the
two parametric variables describing the interface. We also define a local Cartesian
coordinate system xL at each point with the xL1 - and x
L
2 -axes in the tangent plane
and the xL3 -axis parallel to the normal vector n. As shown in figure 3.3, the points
a and b are two coincident points belonging to the consecutive elements A and B,
respectively. The solid arrows represent the curvilinear coordinates (ξ, η) and the
dashed arrows the local Cartesian coordinates (xL1 , x
L
2 ). The normal vector n and
the third local Cartesian coordinate xL3 are not plotted. In the situation illustrated,
the parametric variable η at the point a coincides with the variable ξ at the point b
and they both point at the same direction. In fact, due to the surface discretization,
other combinations are possible, e.g. ξ at the point a coincides with ξ at the point
b in the opposite direction.


















Element A Element B
Figure 3.3: Illustration for the curvilinear coordinates (ξ, η) and the local Cartesian
coordinates (xL1 , x
L
2 ). Two neighbor elements A and B are displayed. The points a
and b are two coincident points belonging to elements A and B, respectively, and
should overlap after the interfacial smoothing.
edge points across neighbor elements
xnewa = x
new





and then we calculate the geometric properties of the updated shape xnew. In this
way, for our specific example the derivatives (∂x/∂η)a and (∂x/∂ξ)b are identical.





















where va is the non-unit normal at point a, va = (∂x/∂ξ)a × (∂x/∂η)a. The unit
tangent (tL2 )b is found in a similar way. Note that the tangent vectors (t
L
1 )a and
(tL2 )b lie on the x
L
1 -axis at the point a and the x
L
2 -axis at the point b, respectively.
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where the minus sign appears due to the specific geometry shown in figure 3.3.
At this point, both the position and the tangent vectors at the edge points
are continuous. The next goal is to determine the updated first-order derivatives
(∂x/∂ξ)newa and (∂x/∂η)
new

















































Note that nnewa and n
new
b are identical now due to the interfacial smoothing we have
performed. In order to calculate the updated derivative (∂x/∂ξ)newa , the following


































































The new derivative (∂x/∂η)newb can be found in a similar way.
So far, we have smoothed the position x and the first derivatives, (∂x/∂ξ)
and (∂x/∂η), at the edge points across the spectral elements. We want to employ
this updated information of the edge points to derive a smoothed interfacial shape.
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For this, we generate (NB − 4)× (NB − 4) interior Jacobi points from the NB ×NB
Lobatto points (i.e., end and interior points) on each spectral element. By combining
these Jacobi points with the smoothed position x and the first-order derivatives
(∂x/∂ξ) and (∂x/∂η) at the edge points, a two-dimensional Hermitian interpolation
is employed to produce a new set of NB ×NB Lobatto points which represents the
final smoothed interfacial shape at time t + ∆t. The two-dimensional Hermitian
interpolation involves two nested one-dimensional Hermitian interpolations. The
specific one-dimensional Hermitian interpolation was derived in Dimitrakopoulos[22]
and it is given by






















































[1− b(+1)(x− 1)]f(+1) (3.15)
The function values f(−1) and f(+1) correspond to the refreshed position x of
the edge points while the derivatives f ′(−1) and f ′(+1) correspond to the updated
(∂x/∂ξ) or (∂x/∂η) of the edge points. The coefficients b(−1) and b(+1) are chosen




















































We emphasize that, for each one-dimensional Hermitian interpolation, the
position and the first derivative at the two edges count for 4 degrees of freedom
which, combined with the (NB − 4) degrees of freedom of the interior Jacobi points,
produce the same total number of degrees of freedom as the Lobatto points NB. We
also note that by employing our first-order smoothing scheme, we formally achieve
the continuity of the position and the tangent/normal vectors at the edges of the
spectral elements. However, for the problems we have studied in this thesis, our
results show that this technique also achieves the continuity of the curvature at the
element edges, i.e., the second-order derivative of the interfacial geometry.
Figure 3.4 shows that, by applying the smoothing scheme, the continuity of
the droplet interface is preserved. The capillary number and the viscosity ratio
are the same with those in figure 3.2, i.e., Ca = 0.2 and λ = 0.01. In contrast
to figure 3.2(d), at time t = 0.280, the elements on the droplet interface smoothly
connect with each other and the drop doesn’t breakup even until time t = 7.07
where we stop our computation.
3.4 Adaptive Mesh Reconstruction
In strong flows, especially those corresponding to supercritical conditions, the droplet
may elongate significantly. The droplet is also found to elongate when it is pushed
through a micro-channel filled with another immiscible fluid. An interfacial neck
may also appear under severe deformation. In those circumstances, the original
spectral discretization may not be sufficient to describe the very deformed interfa-
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Figure 3.4: The time evolution of a drop deforming in a planar extensional flow
for the same parameters as in figure 3.2 except that now the first-order interfacial
smoothing is employed in each time step. The droplet shape is shown for time
t = 0.28, i.e., step Ns = 140. The current deformation is D = 0.267.
cial shape. To resolve this issue, one may change one or both of the discretization
parameters of the spectral boundary elements, i.e., NE and NB. In our current
algorithm, it is more efficient to vary only the number of element, NE.
Two distinct cases may be found in the mesh reconstruction since the spectral
elements we employ are quadrilateral. First, the relevant length of a spectral element
is increased above a prescribed maximum limit along only one curvilinear direction.
In such a case the element is divided into two halves with NB ×NB basis points, as
shown in figure 3.5(a). This case may represent the development of an interfacial
neck. On the other hand, the relevant length of a spectral element along both
curvilinear directions is increased above the prescribed maximum limit. In such a
case the element should be divided in both directions; our preference is to divide
the element into 5 elements as shown in figure 3.5(b). This second case may stand
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for the two ends of an elongated droplet which show large interfacial curvature. For
each case, the opposite happens when the relevant length of a spectral element is
decreased below a prescribed minimum limit. Under this circumstance, the reverse of
the afore-mentioned process takes place; the element is combined with its neighbor(s)
while NB × NB new basis points are defined on the resulting new element. The
employed time step ∆t is accordingly adjusted to satisfy the Courant condition,
equation (3.6).
The goal of the adaptive mesh reconstruction is to produce a reasonable spec-
tral element discretization of the interfacial shape with respect to the elements’ arc
lengths or the variation of curvature on the interface. In most computations in-
volving significant droplet elongation, we perform necessary mesh reconstructions
based on the measurement of the arc length (Larc =
∫
elem dl) of a spectral element.
For problems involving surfaces in close contact, the gap between surfaces may be
considered as another relevant length. Note that our procedure is based on the size
of the spectral elements, and not of successive grid points; thus it requires a smaller
number of comparisons and decision making operations.
This strategy has been employed to determine large deformations of droplets
in supercritical conditions. Figure 3.6 demonstrates the interfacial shape of a droplet
with λ = 0.5 and Ca = 0.25, a supercritical condition, in a planar extensional flow.
The initial spherical shape is discretized into NE = 6 spectral elements. As the drop
deformation increases more elements are employed by dividing each of the two edges




Figure 3.5: Layout for element division into (a) two, and (b) five elements. The
solid line represents the original element while the dashed lines show the resulting
elements after division.
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Figure 3.6: A significantly elongated droplet with λ = 0.5 and Ca = 0.25 at time
t = 1.35 in a planar extensional flow. The current droplet deformation is D = 0.61.
The length is increased by 126.5% while the width is reduced by 46%. The droplet
evolves from an initially spherical shape with 6 elements. After dividing the two
ends into 5 elements each, the current droplet interface contains 14 elements.
3.5 Interfacial Dynamics of a Free Suspended Droplet
The problem of interfacial dynamics of a free suspended droplet is governed by two









where µ1 is the viscosity of the fluid inside the drop, µ is the viscosity of the imposed
flow with u∞ as the undisturbed velocity far from the droplet. The surface tension
on the interface is denoted as γ. The constant G designates the shear rate of the









The capillary number Ca measures two competing forces: the viscous force and the
surface tension force. The viscous stress imposed on the interface by the exterior flow
induces the flow inside the drop and causes the interfacial deformation, while the
surface tension force resists the deformation. When an equilibrium state is reached,
the surface tension force balances the viscous force so that the droplet deformation
ceases. In this study, we assume there is no density difference between the droplet
and the suspending fluid.
The droplet deforms from an initially spherical shape to an ellipsoid-like shape.





where L is the length of the longest axis of the drop and S is that of the shortest
axis. Equation (3.21) is especially suitable to describe the deformation of a free
suspended droplet under the influence of external two-dimensional flows. Other
deformation parameters may be employed for droplets deforming under other types
of flows, e.g. Poiseuille flow. We identify the characteristic length of the drop a as
the length scale of the problem, the velocity scale is Ga, and the time scale is 1/G.
For a given droplet interface SB, the boundary integral equation (2.7) and
boundary conditions (2.8,2.9) can be applied. (Please refer to section 2.2 for a
detailed explanation.)
Numerous tests have been performed to verify the robustness and the reliability
of our algorithm for a free suspended droplet under external flows, e.g. the planar
extensional flow with u = G(x,−y, 0) and the simple shear flow with u = G(y, 0, 0).
39
Comparisons have been made with previous numerical results, analytical predictions
and experimental findings.
For a droplet deforming in an imposed planar extensional flow, we compared
the the transient behavior of the deformation D with the numerical results by Bazh-
lekov, Anderson and Meijer [1]. For small capillary numbers, our numerical results
are in excellent agreement with the analytical predictions by Taylor [85]. In the case
of an external shear flow, a good agreement has been found between our computa-
tions and the experimental data by Guido and Villone [32]. We also compared with
the experimental results of Bentley and Leal [2] for droplets deforming in a planar
four-roll mill flow. Excellent agreements have been found in the deformation D and
the droplet profiles at steady state. Detailed comparisons can be found in Ref. [92]
and Ref. [95].
In this study, we consider the droplet dynamics near the critical conditions.
Figure 3.7 shows the dynamics for a droplet with viscosity ratio λ = 0.5 in a pla-
nar extensional flow. The capillary number ranges from 0.1 to 0.2. The critical
capillary number for this case is Ca ≈ 0.1355 [2]. As shown in figure 3.7, the
maximum normal velocity (i.e., the deformation speed) on the interface behaves
differently at subcritical conditions and supercritical conditions. For subcritical
capillary numbers, the maximum normal velocity is dramatically reduced as the
deformation and time increases. Steady state may be achieved, as shown clearly for
the curve of Ca = 0.1. For supercritical capillary numbers, the deformation speed
first decreases slowly with the deformation and time, and then increases after the
minimum is reached. No equilibrium shape can be obtained and thus the droplet
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tends to stretch infinitely, or breaks into smaller droplets if disturbed.
One of the advantages of the spectral method is the exponential convergence
in the numerical accuracy with the increase of the number of spectral points. To de-
termine the convergence of our method, the droplet deformation has been calculated
for different grid sizes by varying the number of basis points NB on each spectral
element. Figure 3.8 shows the exponential convergence in the numerical accuracy
for the computation of the interfacial shape (i.e., deformation D) for a droplet with
λ = 0.5 in a planar extensional flow. Both subcritical and supercritical capillary
numbers are considered. We investigate two situations: i) only the normal velocity
is applied to advance the interfacial spectral points, and ii) the interfacial tangen-
tial velocity contributes to improve the distribution of the spectral points on the
interface. In both cases, our algorithm shows the typical exponential convergence of
the spectral methods with the increasing number of spectral points N = NE ×N
2
B.
Moreover, the utilization of the tangential velocity Utt produces a more uniform
distribution of the interfacial points. As a result, the accuracy is improved up to
almost two orders of magnitude. We emphasize that the difference in the interfacial
accuracy between our spectral algorithm and low-order methods is dramatic since















































Figure 3.7: Dynamics near the critical condition for a droplet with viscosity ratio
λ = 0.5 in a planar extensional flow: (a) the maximum normal velocity versus
deformation D; (b) the maximum normal velocity versus time t. The capillary
number varies Ca = 0.1, 0.13, 0.1355, 0.138, 0.15, 0.16, 0.2. Curves are generated by
employing the 4th-order Runge-Kutta time-integration algorithm with ∆t = 1×10−4












































Figure 3.8: Relative error in the computed deformation D versus the number of
spectral points N for a droplet with λ = 0.5 in a planar extensional flow. (a)
Subcritical flow with Ca = 0.13 at time t = 0.3 when the droplet length has been
increased by 24% while the width decreased by 18% (D = 0.205). NE = 6 spectral
elements are employed. (b) Supercritical flow with Ca = 0.25 at time t = 1 when
the droplet length has been increased by 91% and the width decreased by 40%
(D = 0.523). NE = 14 spectral elements are employed. In both cases, the number
of basis points NB varies from 7 to 13 and the results for NB = 15 were employed
to determine the numerical error. The tangential velocity is employed with ct = 0.5
in (a) and ct = 1.5D in (b). 43
Chapter 4
Flow in Vascular Vessels
Hemodynamic forces play an important role in the normal and pathological behavior
of vascular endothelial cells via mechano-transduction. Hemodynamic forces exerted
on leukocytes are also of great importance in the leukocyte adhesion process since
they need to be balanced by the receptor-ligand binding forces on the surface of the
cells [28, 40]. Fluid forces exerted on other protuberance in vascular vessels such
as cancer cells and blood clots are also essential. A plethora of studies, mainly in
the last two decades, has attributed the behavior, or changes in the behavior, of the
endothelium as a result of one of the two components of the hemodynamic force, i.e.,
as effects of the shear stress. Thus, the second component of the hemodynamic force
on the endothelium, i.e., the normal force or pressure, has been overlooked. In this
study, we consider the relative importance of the shear and normal forces exerted on
a biological cell (either an endothelial cell or a leukocyte) adherent to a wide range of
blood vessels (from capillaries to large arteries) with various spreading angles of the
cell. Based on the our results computed via the three-dimensional spectral boundary
element method [21, 37], we show that the normal force contributes significantly to
the total force on the biological cells and thus cannot be ignored. A scaling analysis












Figure 4.1: A cell attached to the inner surface of a blood vessel.
4.1 Assumptions and Problem Description
As illustrated in figure 4.1, the blood vessels are modeled as rigid cylindrical tubes
with radius R and half length L. A solid spherical-like hump with radius a protrud-
ing from the tube wall represents the cell adhered to the blood vessel. The cell size








The Stokes flow of a Newtonian fluid around the hump is assumed. The undisturbed
flow far from the cell in the vessel is a Poiseuille flow u∞ = U (1− (y2+ z2)/R2, 0, 0)
where U is the (maximum) velocity at the vessel centerline.
We investigate the shear stress and normal force over the cell and its vicinity as
the spreading of the cell and its size (relative to the vessel radius) change. For small
and moderate spreading angles, our modeling represents vascular endothelial cells
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while large spreading angles better represent adherent leukocytes. In the former
case, the hump represents the nucleus of the endothelial cell protruding above the
rest of the cellular surface [34]. Since the cell size is a few microns, if we consider
flow in capillaries (with a typical diameter of 8 µm) as well as in arterioles and
venules (with a typical diameter of 10-140 µm) [3], the curvature of the vessel wall
cannot be neglected, and thus a cylindrical tube is a proper geometry to represent
the blood vessel. By considering a wide range of hump sizes, from very small values
to ã/R ∼ 1, our results represent the entire range of blood vessels, i.e., from large
arteries and veins down to small capillaries. In the case of adherent leukocytes, since
the typical diameter of a leukocyte is 8 µm and we consider cylindrical vessels with
radius comparable to or greater than the leukocyte size, our modeling applies to the
case of adherent leukocytes in post-capillary or larger vessels.
In these systems, due to the small size of the cell (and possibly that of the
vessel), the Reynolds number of the flow near the cell is very small and thus the
assumption of Stokes flow is well justified [3, 59]. Based on the recent experimental
findings [13], both endothelial cells and and leukocytes may spread into different
configurations on a vessel; thus, our model is suitable to predict the hemodynamic
force exerted on both endothelial cells and leukocytes. The assumption of the New-
tonian surrounding fluid is well justified based on the results of Das, Johnson and
Popel [16]. We emphasize that in the case of endothelial cells, the influence from
neighboring cells is weak due to the fast decay of the perturbation force on the cell
and the large separation distance between cells with respect to the cell size [34]; thus
our investigation of a single endothelial cell is well justified. Similarly, in the case of
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less spread cells, our investigation also represents multiple adherent cells assuming
that these cells are not very close together. (Based on experimental findings, the
inter-cell influence is negligible if the distance of adherent leukocytes is only a few
times their sizes [10].) Therefore, in both physiological systems, i.e., endothelial cells
and leukocytes adhering to blood vessels, our simplified model is able to capture the
important physics of the complicated realistic problem.
For a given cell volume V and vessel radius R, the spreading of the cell on the
vessel surface is controlled by the spreading angle θ defined in figure 4.1. Due to
the vessel’s cylindrical shape, the spreading angle θ along the contact line (i.e., the
intersection of the cell surface with the vessel surface) is a function of the azimuthal
angel φ as shown in figure 4.2. For a given size ã/R of a spherical-like cell, the
relationship between the spreading angle θ and the azimuthal angle φ may be deter-
mined by the spreading angle θ0 at φ = 0
◦. Hence, in this dissertation, the angle θ0
is employed to define the spreading of the cell on the vessel surface. A wide range
of spreading cells with θ0 = 5
◦, 10◦, 20◦, ..., 160◦ (increments of 10◦) is considered
in this study. The small and moderate angles better represent vascular endothelial
cells as shown in figure 4.3(a), while for large spreading angles, our modeling stands
for adherent leukocytes as seen in figure 4.3(b).
Due to the small size of the cell, the flow near the cell occurs at low Reynolds
numbers. The governing equations are the Stokes equation along with continuity.
The associated boundary integral equation (2.3) is described in Chapter 2. For the
current problem, the boundary is consisted of the solid surface Sw of the cell and













Figure 4.2: The variation of the spreading angle θ as a function of the azimuthal
angle φ for θ0 = 90
◦ and different cell sizes ã/R. For this θ0 the depicted values of
ã/R correspond to a/R = 0.2, 0.4, 0.6.
the cell. The corresponding boundary conditions are
u = 0 on the cell and vessel wall Sw (4.2)
u = u∞ or f = f∞ on the fluid inlet and outlet Sf (4.3)
where f∞ is the force associated with the undisturbed Poiseuille flow with velocity
u∞ far from the cell. The numerical solution of the boundary integral equation is
achieved by employing the spectral boundary element method, which is described
in depth in section 3.1.
The surface discretization of the current problem is illustrated in figure 4.3.
The geometry for the biological cell and its immediate vicinity on the vessel is





Figure 4.3: Three-dimensional view of a cell adhering to the surface of a blood vessel
and the discretization of the geometry: (a) an endothelial cell with θ0 = 30
◦ and its
vicinity on the vessel; (b) a leukocyte with θ0 = 160
◦ and its vicinity on the vessel;
(c) the bottom view of the entire geometry; (d) the fluid surface of the vessel’s inlet
and outlet.
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Figure 4.3(c) demonstrates the entire discretization of the vessel. Figure 4.3(d)
shows the discretization of the fluid boundary at the vessel’s inlet and In this study
the majority of computations are performed with a discretization employing NE =
39 elements. The surface of the cell is divided into a total of 5 elements as shown
in figure 4.3(a) for spreading angle θ0 ≤ 90
◦, otherwise, 9 elements are employed
as shown in figure 4.3(b). As shown later in section 4.3, the immediate vicinity
of the cell on the vessel surface experiences a rapid change in the shear stress and
the normal force. To achieve a sufficient accuracy in this area, two rows with eight
elements each are employed as shown in figure 4.3(c). The vessel surface above
the cell is usually discretized into either 2 or 4 spectral elements depending on the
size of the cells and how close it is to the vessel wall above it. The rest cylindrical
surface is divided into three rows with at least two elements each; the length of
each row progressively increases with the distance from the cell surface as seen in
figure 4.3(c). To determine the sufficient length of the tube (which formally should
extend to infinity), we calculate the total force exerted on the cell with the half
length L varying from 3 to 35 times the radius of the cylinder R. We find that
with a half length of L = 23R our computation is able to produce a relative error
of O(10−4) in the force. Additional tests concerning other physical properties have
also been performed with similar results. The vessel’s inlet and outlet are discretized
into 2 elements each as shown in figure 4.3(d). This specific element distribution
produces a sufficient accuracy even in the most challenging cases. Moreover, in most
cases, a sufficient accuracy may be achieved even with a smaller number of spectral
elements NE.
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The number of basis points NB on each element is determined via several
convergence tests for different cell sizes ã/R and spreading angles θ0, by increasing
the number of basis points NB from 5 to 15. The results show an exponential
convergence associated with the spectral discretization. For instance, figure 4.4
shows a typical exponential decay of the total force Fx (which is defined in the
following section) with increasing number of basis points NB. In this study, we have
employed NB = 11 or 13 basis points, which is sufficient to produce a negligible
error for all cases. In addition, two levels of symmetry about the planes y = 0 and
x = 0 are admitted in the study. Thus the memory requirement is reduced by a
factor of 42; the computational time for the system matrices is reduced by a factor
of 4 and the solution time for the linear systems by a factor of 43.
4.2 Definition of Physical Variables
The local shear stress magnitude τ and normal force fn on the cell surface and its




2 + (fLy )
2 and fn = f
L
z (4.4)





where Sc is the cell’s surface area. Due to the symmetry, total force components Fy
and Fz are identically zero. In the above equations, f is the force vector defined



























Figure 4.4: Relative error in the computed total force Fx on the cell for a typical
problem with ã/R = 0.384 (corresponding to a/R = 0.5) and θ0 = 90
◦, as the
number of basis points NB increases form 5 to 13. The results for NB = 15 is
employed for the error determination. This figure is generated by applying NE = 39
spectral elements; the resulting exponential convergence is mainly associated with
the spectral discretization on the cell and thus it can also be achieved with a smaller
number of spectral elements on the vessel wall.
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(The local coordinate system has the xL- and yL-axes in the tangent plane and the
zL-axis parallel to the vector n normal to the surface.)
The vessel radius R is employed as the length scale and the maximum undis-
turbed velocity U as the velocity scale. We employ the shear stress on the vessel
wall far from the cell, τ∞wall = 2µU/R, as the scale for the shear stress τ and normal
force fn. On the other hand, for shear stress on the cell and its vicinity, the ratio
τ/τ∞wall demonstrates the amplification in the shear stress induced by the presence
of the cell. From equation 4.5, Fx ∼ R
2f ∼ R2τ∞wall and thus in this study we select
R2τ∞wall as the scale for the total force.
For a fixed flow rate Q = πR2U/2, the problem of determining the force field
on the cell and its vicinity is determined by two independent geometric parameters:
the relative cell size with respect to the vessel radius, ã/R, and the spreading angle
θ0. As shown in figure 4.2, for a given vessel radius R and spreading angle θ0, by
increasing the cell size ã, the surface area, the height and the frontal area of the cell
increase all together, which results in a larger blocking in the flow. An equivalent
physical problem could be the decrease of the vessel radius R for a constant cell
volume ã and cell spreading angle θ0. Therefore, our results provide insight on the
blocking of the endothelial cells or leukocytes as vessel size varies. On the other
hand, for a constant cell volume ã and vessel radius R, by increasing the spreading
angle θ0, the cell’s height and the blocking to the flow also increases as shown in
figure 4.2. Therefore, by increasing ã/R or θ0, an increase in the force on the cell is










Figure 4.5: Illustration of the variation of the two independent geometric parameters
of the current problem: (a) the increase in the cell volume V (or length ã) for a
given vessel radius R while the spreading angle θ0 remains constant; (b) the increase
in the angle θ0 with constant cell volume and vessel radius.
local stress distribution on the cell and its vicinity will be provided quantitatively
in section 4.3.
4.3 Results, Analysis and Discussion
Figure 4.6 shows the shear stress τ = (fLx , f
L
y , 0) over the cell and its vicinity on the
vessel for a cell with a radius half the vessels radius (or ã/R = 0.384) and spreading
angle θ0 = 90
◦. This figure is a three-dimensional quiver plot where the arrows start
from the geometry surface and their length is proportional to the magnitude of the
shear stress vectors. As shown in the figure, the shear stress increases with the height
along the cell surface and reaches the maximum at the cell peak due to symmetry.
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It is also prominent according to the figure that the shear stress diminishes at the
lower part of the cell and its nearby area on the vessel.
Figure 4.7 shows the magnitude of the shear stress τ =
√
(fLx )
2 + (fLy )
2 as a
function of the arc length sxz (measured from the cell peak) along the cross-section
of the geometry surface with the plane y = 0 for a spreading angle θ0 = 90
◦ with
different cell sizes ã/R. This figure clearly shows that the shear stress distribution
has been greatly influenced by the presence of the cell due to the associated flow
blocking. Figure 4.7 agrees with the previous quiver plot in a quantitative way. The
shear stress on the upper part of the cell surface is much larger than that on the
vessel far from the cell, τ∞wall, with a maximum at the cell peak due to symmetry.
On the other hand, the shear stress diminishes on the lower part of the cell and
its neighbor area on the vessel wall and even approaches zero near the contact line.
This behavior is similar to those found in the case of two- or three-dimensional
protuberances on solid planes [28, 38, 61, 62]. This figure also demonstrates the
influence of the cell size ã/R on the shear stress distribution. In particular, by
increasing the cell size from small values, the maximum shear stress magnitude τ
(the shear stress on the cell peak) decreases until ã/R ≈ 0.384. Further increase in
the cell size results, otherwise, in an increase in the shear stress. The same behavior
is also shown in figure 4.8 where the variation of the shear stress magnitude is plotted
along the cross-section of the geometry surface with the plane x = 0.
The influence of the spreading angle θ0 on the shear stress distribution is
shown in figure 4.9, where a typical cell size ã/R = 0.30 is given to plot shear stress























Figure 4.6: A three-dimensional quiver plot for the shear stress vector τ = (fLx , f
L
y , 0)
for a cell with θ0 = 90








































Figure 4.7: Influence of the cell size ã/R on the shear stress. (a) Variation of the
shear stress magnitude τ as a function of the arc length sxz (the measurement starts
from the cell peak) along the cross-section of the geometry surface with the plane
y = 0 for the spreading angle θ0 = 90
◦. The depicted values of ã/R correspond
to a/R = 0.02, 0.2, 0.3, 0.5. (b) As in (a) but for values of ã/R corresponding to








































Figure 4.8: Influence of the cell size ã/R on the shear stress. (a) Variation of the
shear stress magnitude τ as a function of the arc length syz (the measurement starts
from the cell peak) along the cross-section of the geometry surface with the plane
x = 0 for the spreading angle θ0 = 90
◦. The depicted values of ã/R correspond
to a/R = 0.02, 0.2, 0.3, 0.5. (b) As in (a) but for values of ã/R corresponding to
a/R = 0.5, 0.7, 0.8, 0.9.
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with the planes y = 0 and x = 0. This figure reveals that on the upper part of
the cell, the shear stress magnitude τ demonstrates a monotonic increase with the
spreading angle. This is expected by the simple analysis discussed in the previous
section. The increasing spreading angle causes the increase of the height and the
frontal area of the cell, and thus a higher blocking to the vessel flow is formed.
A comprehensive plot is shown in figure 4.10 demonstrating the influence of
both the cell size ã/R and spreading angle θ0 on the maximum shear stress magni-
tude τmax. For small angles, the maximum shear stress is independent of the cell
size ã/R as the curves for θ0 = 5
◦ − 40◦ reveal, while for large angles, the shear
stress magnitude τmax at the cell peak shows a minimum at a moderate cell size
ã/R = 0.384: a weak increase in τmax when the cell size decreases from 0.384 and
a large increase in τmax when the cell size increases from 0.385 are demonstrated.
The strong dependence of τmax on the cell size ã/R is much more pronounced at
large angles as the curves for θ0 = 100
◦ − 160◦ reveal. In addition, for a given cell
size ã/R, τmax increases monotonically with the spreading angle θ0; the increase is
much more pronounced at large cell sizes.
Figure 4.11 shows a three-dimensional quiver plot of the normal force vector
fn = (0, 0, f
L
z ) for a cell with ã/R = 0.384 and θ0 = 90
◦. At the upstream, the
normal force points towards the solid or the cell surface, i.e., in the opposite direction
with respect to the normal vector n, while the normal force points into the flow at
the downstream. In addition, the normal force appears stronger near the intersection
of the cell with the vessel while it decreases as it move towards the top of the cell.












































Figure 4.9: Influence of the spreading angle θ0 on the shear stress. (a) Variation of
the shear stress magnitude τ as a function of the arc length sxz (the measurement
starts from the cell peak) along the cross-section of the geometry surface with the
plane y = 0 for a cell with ã/R = 0.30 and for θ0 = 30
◦, 60◦, 90◦, 120◦. (b) As in (a)

























θ0 increasing by 10
◦
Figure 4.10: Maximum magnitude of the shear stress τmax versus the cell size ã/R.
























Figure 4.11: A three-dimensional quiver plot of the normal force fn = (0, 0, f
L
z ) for
a cell with θ0 = 90
◦ and ã/R = 0.384 (which corresponds to a/R = 0.5). The arrows
start from the geometry surface while their length is proportional to the magnitude
of the normal force.
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where the normal force magnitude fn is plotted along the cross-section of the ge-
ometry surface with the plane y = 0 for a cell with spreading angle θ0 = 90
◦ and
various sizes ã/R. The existence of the cell results in a significant modification of
the normal force over the cell and its vicinity on the vessel. By increasing the cell
size, the upstream and downstream normal force increases monotonically in distinct
contrast to the behavior of the shear stress shown earlier in figure 4.7. We notice
that the undisturbed normal force (far from the cell on the vessel) shows a linear
variation with the position sxz, which preserves the normal force behavior on the
vessel with the absence of the cell.
Figure 4.13 shows the influence of the spreading angle θ0 on the normal force
for a typical cell volume, ã/R = 0.30. By increasing the spreading angle θ0 for a
given cell size, the upstream and downstream change in the normal force increases
monotonically due to the corresponding increase in the flow blocking.
Besides the local shear stress and normal force on the cell and its vicinity, the
total hemodynamic forces exerted on the adhered leukocyte is essential in measur-
ing the balancing biological forces, e.g. receptor-ligand binding forces. Figure 4.14
demonstrates that the total force Fx exerted on the cell along the flow direction
increases with the cell size ã/R for any spreading angle. The increase is much more
pronounced at large sizes and spreading angles, especially for θ0 ≥ 90
◦, due to the
higher blocking to the vessel flow. For small cell sizes, by increasing the spreading
angle from small values, the total force Fx decreases up to θ0 ≈ 50
◦ as shown in
the figure’s inset; for higher values (i.e., θ0 > 50




















Figure 4.12: Influence of the cell size ã/R on the normal force: variation of the
normal force fn as a function of the arc length sxz (the measurement starts from
the cell peak) along the cross-section of the geometry surface with the plane y = 0
for the spreading angle θ0 = 90
◦. The depicted values of ã/R correspond to a/R =
0.2, 0.5, 0.7, 0.9. Note that the normal force is the opposite of the pressure, i.e.,





















Figure 4.13: Influence of the spreading angle θ0 on the normal force: variation of
the normal force fn as a function of the arc length sxz (the measurement starts from
the cell peak) along the cross-section of the geometry surface with the plane y = 0
for a cell with ã/R = 0.30 and for θ0 = 30









































Figure 4.14: The total force Fx exerted on the cell as a function of the cell size ã/R
for spreading angles θ0 = 5
◦, 10◦, 20◦, ..., 160◦ (increments of 10◦). The inset shows
the same variation for small and moderate angles θ0 = 5
◦, 10◦, 20◦, ..., 50◦. Note that
τ∞wall is the undisturbed shear stress on the vessel wall far from the cell.
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In order to further investigate the nature of the force exerted on the cell, we
divide the hemodynamic force on the cell into its two components, i.e., the shear
force F shearx and the normal force F
n
x . The relative magnitude of the two force
components is shown in figure 4.15. For large vessels (i.e., small ã/R), the shear
force F shearx dominates the total force but the contribution of the normal force cannot
be neglected especially at large spreading angles. For an instance, even for ã/R → 0
the normal force on an endothelial cell with θ0 = 60
◦ is 30% of the shear force;
while for an adhered leukocyte with θ0 = 160
◦, the normal force is nearly 57% of
the shear force. As the vessel radius decreases (i.e., ã/R increases), the normal force
increases its contribution to the total hemodynamic force and it becomes dominant
at large cell sizes. For example, for a cell with spreading angle θ0 = 120
◦ and size
ã/R = 0.9, the normal force F nx is 4.6 times greater than the shear force F
shear
x . We
also observe that the increase of the relative contribution of the normal force with
the cell size is much faster for large spreading angles.
In order to further explain the behavior of the hemodynamic forces, we then
proceed to conduct a scaling analysis for the shear and normal force acting on the
cells. For very small cell sizes and spreading angles, the analysis predicts that the
shear force F shearx on the cell is proportional to the cell surface area Sc and the shear
stress on the cell τc. The cell surface area Sc is then related to the cell size ã and
the spreading angle θ0, while τc is proportional to the shear stress far from the cell






























θ0 increasing by 10
◦
Figure 4.15: Relative magnitude of the normal force F nx with respect to the shear
force F shearx exerted on the cell as a function of the cell size ã/R. The spreading












Figure 4.16 shows the numerically calculated surface area Sc as a function of
the cell size ã/R for a variety of spreading angles. This figure demonstrates that
equation (4.6) predicts qualitatively the correct dependence of Sc on ã/R for all
cases. In addition, it predicts the correct qualitative dependence of Sc on θ0 for
angles θ0 ≤ 80
◦ and for small and moderate cell sizes as shown in the figure’s inset.
The behavior of Sc is not predicted by the scaling analysis for larger angels and
larger cells.
Figure 4.17 shows the dependence of the shear stress τc ≡ F
shear
x /Sc over the
cell on the problem parameters. For small and moderate cell sizes, τc is practically
independent of the cell size for all angles, which is in qualitative agreement with the
predictions of the scaling analysis. The figure also shows that the scaling analysis
fails to predict the increase of τc with the spreading angle θ0; however this increase is
rather small even for the entire range of angles studied 5◦ ≤ θ0 ≤ 160
◦. We also note
that the dependence of τc on the problem parameters is very similar to that of the
maximum shear stress magnitude τmax on the cell presented earlier in figure 4.10.
Figure 4.16 and 4.17 show that both surface area Sc and shear stress τc increase
with the cell size. We note the surface area Sc increases much faster than the shear
stress τc and thus it contributes more to the shear force F
shear
x exerted on the cell.
As shown in figure 4.18, the shear force F shearx increases with the cell size ã/R, but
decreases as the spreading angle θ0 increases when θ0 ≤ 70
◦. The dependence of
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F shearx on the problem parameters is very similar to that of the cell surface area Sc.
Therefore, the predictions of the scaling analysis for the shear force on the cell is
qualitatively valid for the whole range of the parameter space.
The scaling analysis predicts that the normal force F nx on the cell may be
divided into two distinct components, F n1x and F
n0
x . The first component F
n1
x rep-
resents the undisturbed pressure gradient acting on the cell and is scaled as
F n1x ∼ ∆p






where ∆p1 and Af are the corresponding pressure change over the cell and the frontal
area of the cell respectively. Both of them may be scaled with the undisturbed shear
stress on the vessel wall and the cell size,







The analysis shows that for small cells and small spreading angles the first normal
force component F n1x is independent of the spreading angle.
The other component of the normal force, F n0x , arises from the disturbance of
the base flow owing to the presence of the cell. The pressure change ∆p0 scales as
τ∞wallθ0 and thus the associated normal force scales as
F n0x ∼ ∆p






Based on the analysis, we conclude that the pressure gradient normal force com-























Figure 4.16: The surface area Sc of the cell as a function of the cell size ã/R. The
spreading angle θ0 varies from 80
◦ to 160◦ in increments of 10◦. The inset shows the





















θ0 increasing by 10
◦
Figure 4.17: The shear stress on the cell τc ≡ F
shear
x /Sc as a function of the cell size






































Figure 4.18: The shear force F shearx exerted on the cell as a function of the cell size
ã/R. The spreading angle θ0 varies from 70
◦ to 160◦ in increments of 10◦. The inset
shows the same variation for small and moderate angles 5◦, 10◦, 20◦, ..., 70◦.
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dominant as the cell size increases. On the other hand, the base normal force com-
ponent F n0x is negligible compared to F
n1
x at moderate and large cell sizes.
The scaling analysis predicts the frontal area of the cell to increase with both
the cell size and the spreading angle. As shown in figure 4.19 where we plot the
frontal area of the cell Af as a function of the cell size and the spreading angle
based on the numerical computation, the scaling analysis predicts qualitatively the
correct behavior of Af . Figure 4.20 demonstrates the pressure change ∆p ≡ F
n
x /Af
over the cell as a function of the cell size and the spreading angle. We note that
∆p increases with both parameters; the increase is more dramatic at large cell sizes
and spreading angles due to the associated pressure gradient increase resulting from
the higher flow blocking. For small cell sizes, where the normal force is dominated
by its bas component F n0x , the scaling analysis predicts the pressure to increase
with the spreading angle, and to be independent of the cell size. Therefore, the
scaling analysis fails to predict the pressure behavior at small cell sizes. However,
its prediction of the dependence on θ0 is in qualitative agreement with the numerical
results. We emphasize the fact that ∆p does not go to zero as ã/R → 0 for finite
spreading angles as shown in the figure’s inset, is in agreement with the predictions
of the scaling analysis.
From the the scaling analysis and our numerical results for the cell’s frontal
area Af and the pressure change ∆p, it is now clear that the normal force F
n
x ∼ ∆pAf
increases monotonically with both the cell size and the spreading angle; the increase






























Figure 4.19: The frontal area of the cell Af as a function of the cell size ã/R. The
spreading angle θ0 varies from 5
◦ to 160◦. The inset shows the same variation for





























Figure 4.20: The pressure change ∆p ≡ F nx /Af as a function of the cell size ã/R.
The spreading angle θ0 varies from 5
◦ to 160◦. The inset shows the same variation

































Figure 4.21: The normal force F nx exerted on the cell as a function of the cell size
ã/R. The spreading angle θ0 varies from 5
◦ to 160◦. The inset shows the same
variation for small cell sizes ã/R.
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Chapter 5
Buoyancy-Driven Motion of a Droplet
Along a Solid Wall
In this chapter, we consider the inertialess motion of a buoyant droplet left to rise
(or sediment) in an otherwise quiescent fluid near a vertical solid wall. The three-
dimensional spectral boundary element method [21, 37] has been employed in our
computations. We focus our interest in understanding the transient behavior of the
droplets, e.g. the rising speed, lateral migration, and the interfacial shape under the
influence of the Bond number. Comparison has been made to previous analytical
predictions.
5.1 Problem Description
Figure 5.1 illustrates the motion of a droplet of volume V (fluid 1) with density ρ1
and viscosity λµ in an otherwise quiescent viscous fluid (fluid 2) with density ρ2
and viscosity µ near a stationary vertical solid wall. The gravitational acceleration
is g while the surface tension γ is assumed constant. The droplet volume centroid
is denoted as xc and zc0 is the initial distance from the wall where the spherical









Figure 5.1: Illustration of a droplet moving along a solid wall.
to the wall and a migration velocity Uz perpendicular to the wall, which is incurred
either by the droplet deformation or by the inertia. The velocity component in the
third direction is zero due to symmetry. For rigid particles, the lateral motion is
influenced by the inertia only, while for a deformed droplet, the asymmetry of the
flow causes the droplet to migrate laterally. When the particle Reynolds number is
approaching zero, the inertia influence may be neglected. The deformation of the
droplet breaks the symmetry of the flow and disturbs the balance of the viscous
forces exerted all over the droplet, and thus becomes the major cause for the lateral
migration.
In the current problem, the characteristic length a of the droplet (defined by
a = (3V/4π)1/3) is employed as the length scale while the time is scaled with the
buoyancy time scale τg = µ/∆ρga (where ∆ρ = |ρ2 − ρ1|), and thus the velocity
scale of rising and migration is U = ∆ρga2/µ. The droplet motion and shape is
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For convenience, we assume that the density of the droplet is smaller than that of
the surrounding fluid, and thus the droplet rises. However, our study also represents
a heavier droplet sedimenting in an otherwise quiescent fluid. In this study, we con-
sider highly viscous liquid, i.e., , we neglect the inertia effects on the drop dynamics
and assume a diminishing Reynolds number. Therefore, the governing equations of
this problem are the Stokes equations and the continuity. The boundary integral
equation (2.10) and the boundary conditions (2.8,2.9,2.11,2.12) given in Chapter 2
are employed in problem solving. In addition, the undisturbed velocity and force
far from the droplet are defined as u∞ = 0 and f∞ = 0, respectively.
As shown in figure 5.2, the droplet interface is discretized into six initially
equal-sized spectral elements while the solid surface is discretized into a central
square element surrounded by a moderate number of rows of elements, each of which
is composed by four elements. In our computations, the radius of the solid surface
(which formally should extend to infinity) is at least 14 times the characteristic
drop radius a; this creates negligible error in all cases. In our discretization method,
geometry of the solid wall follows the rising of the droplet by aligning the center
of the solid with the droplet centroid. We define the initial location of the solid
center as the origin of the global Cartesian coordinate system. To avoid severe grid
distortion on the droplet interface due to the droplet’s translation, in the kinetics
condition of the droplet interface given by equation (3.3) we employ the tangential
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velocity as
Ut = ct(u · t) + (1− ct)(uc · t) (5.2)
where uc is the droplet’s translational velocity measured from the droplet centroid
while in most of the computations we applied ct = 0. We may interpret the combi-
nation of equation(3.3) and equation (5.2) as the case that the grid on the droplet
interface is first translated by the droplet translational velocity and then deformed
(with respect to its new centroid) in a manner similar to that described earlier for
free-suspended droplets with a fixed centroid.
5.2 Results and Analysis
Plotted as a function of time, the centroid position of a buoyant droplet with λ = 1
released at an initial distance zc0 = 1.5 from a vertical wall is shown in figure 5.3(a,b).
The figure demonstrates that the Bond number Bd has rather negligible effects on
the vertical position of the droplet but it affects greatly the droplet lateral position.
In figure 5.4, the centroid trajectory of the buoyant droplet is plotted with respect
to its x− and z− coordinate. The less buoyant droplet (i.e., with smaller Bd) is
thus demonstrated to experience more rising than lateral migration.
The influence of Bond number Bd is shown more clearly in figure 5.5 where
the droplet velocity is plotted as a function of time. The droplet rising velocity Ux
first decreases and then shows a steady increase towards its highest value, i.e., the







Figure 5.2: Geometric discretization for a buoyant droplet moving near a vertical
wall. (a) The solid wall defined as a circular plate. (b) The interfacial geometry of
a droplet with Bd = 3 and λ = 1 at a distance of zc = 1.61 from the wall. The




























Figure 5.3: Time evolution of the position of a droplet with λ = 1 for Bond number
Bd = 0.3, 0.5, 1, 3: (a) droplet centroid coordinate xc, and (b) droplet centroid












Figure 5.4: Centroid trajectory of a droplet with λ = 1 for Bond number Bd =
0.3, 0.5, 1, 3. The initial drop lateral location is zc0 = 1.5.
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which shows that in an unbounded flow the droplet rising velocity doesn’t depend on
Bd. However, in the existence of a vertical solid wall, figure 5.5 shows a monotonic
increase of the rising velocity Ux with the increase of Bd. On the other hand,
as shown in figure 5.5(b), the droplet migration velocity Uz first demonstrates a
dramatic increase and then gently diminishes towards its zero value far from the
wall. In the figure, the curves for Bd ≤ 1 do not form a plateau but slowly decreases
over time. The migration velocity Uz is larger for higher Bd; this results from both
the increased rising velocity Ux as well as the increased interfacial deformation D
shown later in figure 5.9.
We now start to investigate the relation between the vertical motion of the
droplet and the droplet’s lateral position. As shown in figure 5.6, in the existence of
a solid wall, the Bond number Bd slightly affects the rising velocity Ux when the drop
is in close vicinity to the wall, and the effect extends to a distance of ∼ 1.7 times
droplet size. As the drop migrates farther away from the wall, the rising velocity
becomes completely independent of the Bond number. To show the influence of
the solid wall on the droplet velocity for a larger distance, in figure 5.7 we plot Ux
versus zc for droplets with the same Bond number and viscosity ratio, but starting
from different initial position, i.e., zc0 = 1.5, 2, 2.5, 3, 3.5. As the distance between
the droplet and the wall increases, the wall influence on the rising velocity becomes
weaker and can be negligible after a large distance. We also include in figure 5.7
the rising velocity of a spherical droplet based on the zero-order analysis found in
the recent study of Magnaudet, Takagi and Legendre [52]. Based on their spherical



























Figure 5.5: Time evolution of the velocity of a droplet with λ = 1 for Bond number
Bd = 0.3, 0.5, 1, 3: (a) rising velocity Ux, and (b) migration velocity Uz. The initial
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zc
Ux Bd increasing
Figure 5.6: Rising velocity Ux of a droplet with λ = 1 versus its lateral position zc
for Bd = 0.3, 0.5, 1, 3. The initial droplet location is zc0 = 1.5.
be found in a distance from the wall about 20-30 times the droplet size. Comparing
our results for the actual rising velocity Ux of a deformed droplet with that from
the spherical approximation, we observe that only close to the wall and for a high
Bond number the actual Ux shows a variation from its spherical approximation. In
addition, this figure also demonstrates that the spherical approximation is only valid
for droplets migrating at a distance of a few droplet radii to the wall.
The interfacial shape of the droplet is shown in figure 5.8. The droplet profiles
at the intersection with plane x = xc, y = yc and z = zc are demonstrated at
different times (t = 0, 20, 90) during the translation of a droplet with Bd = 3 and











Magnaudet et al (JFM, 2003)
Figure 5.7: Rising velocity Ux of a droplet with λ = 1 versus its lateral position zc
for Bd = 3. The initial droplet location is zc0 = 1.5, 2, 2.5, 3, 3.5. Also included is
the rising velocity of a spherical droplet (- - - -) at a distance zc from the wall found
in Ref. [52].
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maximum deformation near time t = 20; later the droplet shows a slow relaxation
towards its undisturbed shape as it migrates slowly away from the wall.
Figure 5.9 shows the droplet deformation D as a function of time for several
different Bond number Bd. We define the deformation parameter as D = (L −
S)/(L + S) based on the droplet semi-axes determined as the maximum L and
minimum distance S from the droplet centroid. Due to the asymmetric interfacial
shape of the droplet moving near a solid wall, the deformation D in this section may
differ from that for a free-suspended droplet. Figure 5.9 reveals that the interfacial
deformation experiences an initially fast increase followed by a slow decrease towards
its zero value far from the wall. The droplet shows an increased deformation by
increasing the buoyant effects (i.e., the Bond number Bd). We note that the time
evolution of the droplet deformation D is quite similar to that of the migration
velocity Uz presented in figure 5.5(b). This similarity verifies the fact that the
droplet’s lateral motion is deformation-induced under Stokes flow conditions [8, 52].
By defining the orientation angle θz between the major semi-axis L of the
droplet and the negative z-axis as shown in figure 5.10, we plot the evolution of the
droplet orientation θz as a function of time under the influence of the Bond number
Bd in figure 5.11. We observe that the spherical droplet, immediately after left to
rise, shows an initial large rotation, corresponding to θx ≈ 35
◦ independent of the
Bond number Bd. The droplet orientation then increases rapidly with time while
later the droplet rotates slower towards its final configuration far from the wall.
Figure 5.12 shows the droplet deformation D as a function of the lateral posi-




Figure 5.8: Droplet profiles at the intersection with plane (a) y = yc, (b) x = xc,
and (c) z = zc, for Bd = 3 and λ = 1 at different times: ——, t=0; - - - -, t=20; – · –,
t=90. The droplet locations at time t = 0, 20, 90 are (xc, zc) = (0, 1.5), (3.74, 1.61),
(17.63, 2.02) respectively. For all cases, yc = 0. The profiles at different times are














Figure 5.9: Time evolution of the deformation D of a droplet with λ = 1 for Bond







Figure 5.10: Illustration of the droplet orientation θz.
without any substantial lateral migration. After the maximum deformation has
been reached, the droplet shows a slow relaxation towards its spherical shape as it
migrates away from the wall. The figure also shows that the droplet deformation in-
creases with the Bond number Bd. In addition, we include the analytical predictions
for the droplet deformation of O(z−3c ) and O(z
−5
c ) by employing equation (14b) and
(18) from Ref. [52]. (Note that for the analytical prediction of O(z−5c ), the terms
denoted as M4 and M5 have not been provided in Ref. [52] due to the algebraical
complexity and their expected limited contribution; this is the reason that we in-
clude both predictions in our figure 5.12.) The analytical results for deformation
D agree very well with the numerical calculations, especially for the droplet at a
further distance from the wall and for smaller Bond numbers.
We consider the migration velocity Uz as a function of the lateral position
zc as shown in figure 5.13 for different Bond numbers and viscosity ratios. The















Figure 5.11: Time evolution of the orientation angle θz of a droplet with λ = 1 for














Magnaudet et al (JFM, 2003)
Figure 5.12: Deformation D versus lateral position zc for a droplet with λ = 1 and
for Bond number Bd = 1, 3. The initial drop location is zc0 = 1.5, 2, 2.5, 3, 3.5. Also
included are the analytical predictions for deformation D of O(z−3c ) (- - - -) and
O(z−5c ) (– · –) from Ref. [52].
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in figure 5.12. Once the droplet is left to rise at a location close to the solid wall,
the droplet migration velocity rapidly increases until the interfacial shape reaches its
maximum deformation. Afterwards, as the droplet moves away from the wall, both
the deformation and the migration velocity show a slow relaxation towards zero far
from the wall. We note that the droplet deformation and migration velocity are
higher for a larger Bond number with a given viscosity ratio. The best z−2c fitting
based on the decreasing velocity is provided in the figure. Observe that during the
relaxation, the migration velocity decreases inversely with the square of the lateral
position for all cases studied as commonly found in drop motion near solid walls [8].
Figure 5.13 also includes the influence of the viscosity ratio on the droplet migration
velocity for a given Bond number. The more viscous droplet appears to migrate more
slowly in the lateral direction. In order to investigate the viscosity influence on both
the deformation D and the migration velocity Uz, we plot D and Uz as functions of
time t in figure 5.14. The figure demonstrates that for a smaller viscosity ratio λ,
the droplet deforms more rapidly and thus experiences faster increase in the lateral
velocity until the droplet reaches its maximum deformation. Afterwards, the less
viscous droplet relaxes at a faster rate, so that the migration velocity experiences
a faster decrease towards zero far from the wall. Therefore, we conclude that the
migration velocity Uz is not only influenced by the droplet deformation but it is also
affected by the rate of deformation.
Although our numerical results agree well with the analytical predictions by
Magnaudet, Takagi and Legendre [52] in the range of λBd ≥ 1 as shown in fig-
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Figure 5.13: Migration velocity Uz versus lateral position zc for a droplet with
λ = 1, 2 and for Bond number Bd = 1, 3. The initial drop location is zc0 =






























Figure 5.14: Time evolution of the deformation D and migration velocity Uz of a
droplet near a vertical wall with Bond number Bd = 3 for λ = 0.1, 0.5, 1, 2. The
initial drop lateral location is zc0 = 1.5.
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which concludes that the droplet moves toward the wall for 0.21 < λ < 3.12 when
λBd < 1. Figure 5.5 evidently shows the droplet migration away from the wall for
λ = 1 and various Bd. Therefore, we suspect that the analytical prediction of lateral
motion towards the wall is erroneous, at least for the parameter space investigated
in this study (Bd ≥ 0.3 and λ ≥ 0.1).
5.3 Conclusions
For this section, we conclude that as a viscous droplet rises or sediments along a
solid wall, the droplet migrates away from the wall due to its own deformation.
The wall effect diminishes as the droplet translates away from the wall. We find
that the influence of the Bond number Bd on the rising velocity Ux only extends
to a distance of a few times of the droplet size from the solid wall. The droplet
deformation and the migration velocity are higher for a larger Bond number with
a given viscosity ratio; while the more viscous droplet shows a smaller migration
velocity for a given Bond number. After achieving its maximum value, the migration
velocity decreases inversely with the square of the lateral position. Our study on a
variety of viscosity ratio also demonstrated that the droplet migration velocity Uz is
not only influenced by the deformation but also affected by the rate of deformation.
There is no observation that the droplet migrates towards the wall for the viscosity
ratio and Bond number considered in this study (λ ≥ 0.1 and Bd ≥ 0.3).
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Chapter 6
Interfacial Dynamics in a Microfluidic
Channel
Studying droplet behavior in microfluidic channels is of great importance in applica-
tions involving droplet mobilization, such as the enhanced oil recovery, microfluidic
devices, and the coating of monolithic structures. In this chapter, we first describe
the physical problem and the numerical method we employ. We also validate our
method by comparing our results with previous calculations and experimental find-
ings. We then focus on our investigation on the influence of physical parameters
(the drop size, capillary number, and the viscosity ratio) on the droplet shape and
motion in the channel.
6.1 Problem Description
Figure 6.1 illustrates a droplet (fluid 1) with density ρ1 and viscosity λµ driven
by another immiscible fluid (fluid 2) with density ρ2 and viscosity µ to move in a
capillary with a comparable size. (Note that we generally refer to a micron-sized
channel or tube as a capillary.) The buoyancy influence is neglected. We assume
that the fluid is free of surfactant and that the temperature is kept constant; the
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surface tension γ is assumed constant over the interfacial surface. The droplet
volume V is reflected in its characteristic length ã = (3V/4π)1/3. The size of the
capillary is denoted as R, which is the radius of a cylindrical tube or that of the
circle subscribing the square cross section of the channel. The droplet translating
velocity in the direction of x-axis is denoted as Ux, which may be different from the
average flow velocity U , as we will explore later in this chapter.
The droplet volume centroid is denoted as xc = (xc, yc, zc). In figure 6.1, the
drop is aligned with the centerline of the capillary (i.e., yc = 0 and zc = 0). In
the case of a droplet released at a location off the capillary centerline, we denote
(0, 0, zc0) as its initial location. Note that in sections 6.2 – 6.5, we investigate the
case of a droplet moving along the capillary centerline, therefore there is no cross-
stream droplet migration taking place. We study the droplet cross-stream migration
in section 6.6. In this section, the droplet is set free at a location off the center and
may migrate in the direction of z-axis. In our study, the droplet velocity in the
direction of y-axis is always zero due to the symmetry.
In the current problem, lengths are non-dimensionalized with the size of the
channel R, velocity with the average bulk velocity U , and time with R/U . The
droplet motion and shape are affected by the capillary number which is defined as
Ca = µU/γ, the viscosity ratio λ, and the droplet size a = ã/R.
For a viscous droplet moving in a capillary, the inertia may be ignored due
to the low Reynolds number. The governing equations are the Stokes equation and
the continuity. Therefore, the boundary integral equation (2.13) and corresponding




















Figure 6.1: Illustration of a droplet moving along the centerline of a micron-sized
channel. The geometry is shown at the intersection with (a) xz plane and (b) yz
plane.
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cross-section, the undisturbed flow far from the droplet u∞ is a steady unidirectional
flow [99], and may be expressed as
u∞x
C


















The variables y and z are non-dimensionalized with size R. The flow rate Q and






























where A denotes the non-dimensionalized cross-sectional area for the square channel
(A = 4). By dividing equation (6.1) with equation (6.6), the non-dimensionalized












In our computation, the series in equation (6.7) is cut off after n=40 with a trun-
cation error of O(10−5). Note that we only consider a channel with a square cross-
section in the current dissertation. The velocity distribution in the channel on a yz


































Figure 6.2: Velocity distribution for the unidirectional flow in a channel with square
cross-section. The nodal lines correspond to the discretization of the fluid boundary
in the spectral boundary element method.
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The discretization of the square channel and the droplet is demonstrated in
figure 6.3. The fluid boundary on the inlet and outlet of the channel is composed of
two elements each as shown in figure 6.3(a). The semi-length of the channel/tube
(which formally should extend to infinity) is at least 25 times the drop length in
the flow direction; this creates negligible error in all cases. Seven rows of elements
with 4 elements each are employed on the channel (only five rows are shown in the
figure). For a droplet with size ã < R, the droplet interface is divided into NE = 6
elements as shown in figure 6.3(b) while the computations start with an initially
spherical shape. For a droplet with size ã > R, the interface is divided into NE = 10
elements as shown in figure 6.3(c). In this case, we define the initial droplet shape as
a prolate spheroid [88] having two minor semi-axes with a length of 0.9 and a varying
length for the major semi-axis. The droplet’s translational velocity is included in
the kinetics condition of the droplet interface using equation (5.2) in section 5.1 in
order to achieve a reasonable distribution of the spectral points on the interface.
The deformation parameter D for the elongated droplet moving along the
channel centerline is defined as the ratio of the droplet length along the x-axis to
that along the z-axis, D = l1/l2, as shown in figure 6.4.
6.2 Validation
We now validate our numerical results for droplet dynamics in cylindrical tubes
by comparing with previously computational predictions and experimental findings.
Figure 6.5 shows the steady-state profile of a droplet with viscosity ratio λ = 0.1
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Figure 6.3: Surface discretization of a microfluidic channel and the droplet trans-
lating inside it: (a) discretization of the channel (more elements are assigned on the
area close to the droplet); (b) a slightly deformed droplet with size a = 0.9 and with





Figure 6.4: Illustration for the measurement of a significantly elongated droplet.
moving along the centerline of a cylindrical tube. Droplet shapes at the intersection
with plane y = 0 are plotted for different capillary numbers Ca = 0.05, 0.1, 0.2.
Excellent agreement is found by comparing our results (solid lines) to the computa-
tional results (points) by Tsai and Miksis [88]. Note that the nose of the droplet for
different capillary numbers is aligned at the same location for the ease of observation.
Comparison has also been made in the case of a buoyant droplet rising in
a cylindrical tube filled with another quiescent fluid. As shown in figure 6.6, the
steady-state shape of a droplet with size a = 0.92, viscosity ratio λ = 0.22 and
Bond number Bd = 4.1 is demonstrated and has been compared with figure 3(c) of
Ref. [5], where the experimental image was taken for a droplet of UCON-1145 (a
polyalkylene glycol based synthetic oil) rising in a suspending water solution with
98.5wt% corn syrup. At 25C◦, the droplet density and viscosity are 995 kg/m3 and
528mPa · s respectively, while the suspending fluid has a density of 1375 kg/m3 and
a viscosity of 2444mPa ·s. The corresponding interfacial tension is 0.0143N/m. The
good agreement indicates that our method is accurate in predicting the behavior of
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Figure 6.5: The steady-state profile for a droplet with a = 0.9, λ = 0.1 and Ca =
0.05, 0.1, 0.2 from right to left. Solid lines represent results from our 3D spectral
boundary element method, while the crosses, open diamonds and solid circles denote
results from Tsai and Miksis [88] for Ca = 0.05, 0.1, 0.2 respectively. The nose of
each profile aligns at the same location for convenience of comparison.
6.3 Effect of the Drop Volume
We first examine the time evolution of the droplet shape. As shown in figure 6.7, a
spherical droplet is deformed as it translates through the channel. At the beginning,
the front region of the droplet is significantly sharpened while the rear is flattened.
After a while, the elongation of the droplet body dominates the deformation and
the droplet rear starts to regain some level of curvature. Finally at steady state,
the droplet interface shows a bullet-like shape with high curvature in the front
region. This typical profile is similar to the shape of a droplet moving in cylindrical
tubes [39, 53, 88]. The three-dimensional geometry is shown in figure 6.8 for the
droplet interface shape at different times.
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Figure 6.6: The steady-state profile of a droplet rising in a cylindrical tube. The
drop size is a = 0.92. The viscosity ratio is λ = 0.22. The Bond number is Bd = 4.1.
The numerical prediction in this study agrees with the experimental image taken by
Borhan and Pallinti [5] in their figure 3(c), where UCON-1145 (a polyalkylene glycol
based synthetic oil) was used as the drop fluid while the suspending fluid employed
was a 98.5wt% corn syrup-water mixture.
Now we focus on the behavior of droplets with different sizes. The droplet
deformation D is shown as a function of time in figure 6.9(a). Several droplet sizes
(a = 0.6, 0.7, 0.8) are considered. For all sizes, the droplet deformation D increases
with time and eventually reaches a plateau at steady sate. We observe that smaller
droplets achieve steady state faster but with a smaller deformation. Due to the
relatively smaller size, the droplet is only slightly influenced by the slowly moving
fluid near the solid wall. As a result, the shear stresses across the interface is small,
and thus a smaller deformation is achieved. In figure 6.9(b), we also plot the time
evolution of the droplet velocity in the flow direction. During the droplet translation,
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Figure 6.7: Profiles for a droplet with size a = 0.914 traveling in a square channel.
Droplet shapes at the intersection with plane y = 0 are shown for time t = 0, 0.8, 12
from right to left. The viscosity ratio is λ = 5 and capillary number is Ca = 0.1.
The profiles are presented such that the nose of each droplet begins at the same
location for convenience of comparison.
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(a) t = 0 (b) t = 0.8
(c) t = 12
Figure 6.8: The time evolution for a droplet with size a = 0.914 traveling in a square
channel. The viscosity ratio is λ = 5 and capillary number is Ca = 0.1.
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a plateau. The velocity of a larger droplet shows a more dramatic change before
steady state. We also note that the droplet velocity decreases with the increase of
the drop size monotonicly.
The variation in the droplet shape at steady state with droplet size a are
shown in figure 6.10. Small droplets (e.g. a = 0.6) almost maintain the spherical
shape throughout the course of its translation. Larger droplets (e.g. a = 1.0 and
1.2), on the other hand, experience larger shear stress close to the channel wall.
As a result, they obtain more significant deformation by elongating along the flow
direction. The three-dimensional geometry of the corresponding droplet interface is
shown in figure 6.11 for different droplet sizes.
6.4 Effect of the Capillary Number
As a measure of the relative importance of viscous forces to surface tension forces, a
larger capillary number Ca causes a larger deformation as well as a faster translating
velocity for a droplet moving in a channel. The effect of the capillary number Ca
on the droplet velocity and deformation is demonstrated in figure 6.12 for a drop
size a = 0.8 and viscosity ratio λ = 2.04. As predicted, the droplet deformation and
velocity increases monotonicly with the capillary number. We also note that the
droplet with a smaller capillary number reaches steady state earlier. As described
in the previous section, the droplet initiates the translation at a moderate velocity.
The velocity decreases at the beginning but increases dramaticly after a minimum is



























Figure 6.9: Deformation and velocity versus time for droplets with sizes a =
0.6, 0.7, 0.8 moving in a square channel. For all cases, the viscosity ratio is λ = 2.04
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Figure 6.10: Variation in drop profile with drop size a at steady state. Size a =
0.6, 0.8, 1.0, 1.2 from right to left. For all cases, the capillary number Ca = 0.1
and the viscosity ratio λ = 2.04. The profiles are aligned at the droplet nose for
convenience of comparison.
capillary numbers, the droplet velocity experiences a smaller decrease initially and
a more dramatic increase after the minimum is reached.
We now consider the influence of the capillary number on the droplet shape.
Figure 6.13 shows the droplet profile at the intersection with the plane y = 0 for
a variety of capillary numbers. Two different droplet sizes are considered: a = 0.8
and 1.03. With the increase of the capillary number, the droplet nose is sharpened,
the droplet body is elongated, and the rear is flattened. By comparing different
sizes, we notice that the influence of the capillary number on the drop shape is more
prominent for relatively larger droplets. As shown in figure 6.13(b), the droplet is
obviously narrowed due to the significant elongation for larger capillary numbers. As
a result, the minimum distance between the droplet and the channel wall increases
113
(a) a=0.6 (b) a=0.8
(c) a=1.0
(d) a=1.2
Figure 6.11: Three-dimensional profiles for droplets with size a = 0.6, 0.8, 1.0, 1.2
moving in a square channel. For all cases, the capillary number is Ca = 0.1 and the


























Figure 6.12: Deformation D and velocity Ux versus time t for a droplet with size
a = 0.8 moving in a square channel. Different capillary numbers are shown Ca =
0.075, 0.1, 0.179. For all cases, the viscosity ratio is λ = 2.04.
115
with the capillary number, as shown in figure 6.14.
In figure 6.15(a), we plot the steady-state deformation D as a function of
size a. Curves for different capillary numbers are included. In agreement with the
previous finding, this figure clearly shows the dramatic increase of deformation D
with Ca at large sizes. Figure 6.15(b) plots the steady-state velocity of the droplet
as a function of the droplet size a for different capillary numbers. We observe that
the capillary number has almost no effect on the droplet velocity for droplets with
size a ≤ 0.65. Similar to the deformation D, the droplet velocity Ux shows large
increase with the capillary number for larger droplets.
6.5 Effect of the Viscosity Ratio
Figure 6.16 shows the transient behavior of the droplet deformation and velocity for
different viscosity ratios. The droplet velocity Ux is significantly influenced by the
viscosity ratio λ and shows a monotonic decrease with the increase of λ. On the
other hand, the deformation D demonstrates a more complicated behavior with the
increase of the viscosity ratio λ. We observe that the steady-state deformation is
achieved later for a more viscous droplet, i.e., a more viscous droplet spends more
time deforming from the initial shape to its final configuration at steady state.
Steady-state profiles of droplets with a given capillary number Ca = 0.1 are
plotted in figure 6.17 for different viscosity ratios. Two droplet sizes are considered:
a = 0.8 and 1.03. We note that for a small droplet, the droplet profile is not affected






















Figure 6.13: Variation in drop profile with the capillary number Ca at steady
state. The upper figure shows a droplet with a = 0.8 and capillary numbers
Ca = 0.075, 0.1, 0.179. The lower figure shows the profiles for a droplet with a = 1.03













Figure 6.14: Time evolution of the minimum distance between the channel wall
and the droplet with size a = 0.8. Different capillary numbers are shown Ca =

























Figure 6.15: Droplet deformation D and velocity Ux as a function of drop size
a at steady state for different capillary numbers: Ca = 0.075 (blank diamonds),
Ca = 0.1 (filled diamonds) and Ca = 0.179 (crosses). The viscosity ratio for all






























Figure 6.16: Deformation D and velocity Ux versus time t for droplets with size
a = 1.03 traveling in a square channel. Different viscosity ratio is shown λ =
0.5, 1, 2.04, 10. For all cases, the capillary number is Ca = 0.1.
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study (0.19 ≤ λ ≤ 10). For a large droplet, on the other hand, larger viscosity ratio
causes sharper nose and larger elongation. And a thicker liquid film is also formed
between the droplet and the channel wall.
In figure 6.18, we plot the droplet deformation D and velocity Ux at steady
state as a function of the droplet size a under the influence of the viscosity ratio.
We found that the droplet deformation is only evidently influenced by the viscosity
ratio for sizes larger than 0.7, while the viscosity ratio has considerable effects on
the steady-state droplet velocity for all sizes.
In order to further investigate the effect of the viscosity ratio, we plot the
droplet deformationD as a function of the viscosity ratio λ as shown in figure 6.19(a).
The droplet size is a = 0.914. The capillary number is given as Ca = 0.1. The
deformation D shows an increase with the viscosity ratio for λ ≥ 1 while it is almost
independent on λ for λ < 1. The increase of the drop deformation with the viscosity
ratio λ was reported in previous literature [53] for a droplet moving in a cylindrical
tube. Figure 6.19(b) plots the droplet velocity Ux as a function of the viscosity
ratio. The droplet velocity Ux shows a monotonic decrease with the increase of
the viscosity ratio λ which qualitatively agree with the computational results by
Martinez and Udell [53] as well as the experimental findings by Ho and Leal [39] for
a viscous drop moving in a cylindrical tube.
For comparison, we calculate the deformation and velocity of a droplet moving
in a cylindrical tube. We consider a droplet with size a = 0.914 and capillary number
Ca = 0.1 translating in a tube with radius R = 1 (which subscribes the square





















Figure 6.17: Variation in droplet profile with the viscosity ratio λ at steady
state. The upper figure shows a droplet with size a = 0.8 and viscosity ratio
λ = 0.19, 2.04, 10. The lower figure shows a droplet with with size a = 1.03 and






























Figure 6.18: Droplet deformation D and velocity Ux as a function of drop size a for
viscosity ratio λ = 2.04 and 10 at steady state. The capillary number for all cases
























Figure 6.19: Effect of the viscosity ratio λ on the droplet deformation D and velocity
Ux at steady state. The results for a droplet translating in a cylindrical tube and
a square channel are both presented. For both cases, the droplet size is a = 0.914,
and the capillary number is Ca = 0.1.
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steady state are plotted in figure 6.19 as a function of the viscosity ratio. We observe
that the droplet experiences a larger deformation in the tube while the droplet speed
is higher in the channel for an arbitrary λ. Comparing with the geometry of the
cylindrical tube, we note that the extra area in the corner of the square channel
allows the suspending fluid to “leak” around the droplet, and thus largely reduces
the shear acting on the droplet interface. Hence, the deformation of a droplet
moving in a channel is relatively smaller than that in a tube. Figure 6.20(a) shows
the steady-state droplet shape at the intersection with the plane y = 0 for both the
square channel and the cylindrical tube. In this figure, the droplet demonstrates a
less deformed shape in the channel flow. Figure 6.20(b) shows the droplet profile at
the intersection with plane x = xmin, where xmin is the x coordinate of the point
on the droplet interface with the shortest distance to the channel/tube wall. In this
figure, profiles for the channel and the droplet inside are denoted by solids lines,
while those for the tube and the droplet inside are expressed in dashes. We note
that the droplet blocks 56.8% of the cross-sectional area of the channel while 61.6%
of the cross-sectional area of the tube is occupied by the drop. The less blocking of
the droplet to the channel flow leads to the higher droplet speed in the channel.
6.6 Droplet Released at a Position Off the Centerline
So far, we have discussed the deformation and translation of a droplet moving along
the centerline of the square channel. In this section, we investigate the motion of
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Figure 6.20: Comparison of droplet profiles for a droplet with size a = 0.914 in a
cylindrical tube and a square channel at steady state. For both cases, the capillary
number is Ca = 0.1 and the viscosity ratio is λ = 10. The profiles at plane y = 0
and x = xmin are plotted. Note that xmin is the x coordinate of the point on the
droplet interface with the shortest distance to the channel/tube wall.
126
previous sections, here we focus on the droplet cross-stream migration behavior.
We first investigate the influence of the droplet size on the droplet migra-
tion. In figure 6.21, the position of the droplet centroid is plotted as a function
of time for capillary number Ca = 0.125 and viscosity ratio λ = 1. Droplet sizes
a = 0.25, 0.4, 0.7 are considered. We note that a smaller droplet (e.g. a = 0.25)
nearly maintains its original distance to the centerline while larger droplets migrates
significantly towards the center.
At low Reynolds number, the cross-stream migration of a droplet in the channel
results from the droplet deformation, which is again directly related to the capillary
number. In figure 6.22, we plot the droplet position zc as a function of time under
the influence of the capillary number. Results for different drop sizes are presented
(i.e., a = 0.25 and 0.7). For a given size, a more deformable droplet (i.e., with larger
capillary number) migrates faster to the center of the channel. Figure 6.23 shows
the geometry of the droplet interface for a deformed droplet with size a = 0.7. The
interfacial shapes at the maximum deformation are shown for each capillary number
we consider. As predicted, the droplet with more deformed shape experiences a
faster cross-stream migration.
We now investigate the influence of the viscosity ratio on the droplet migration
for a given size and capillary number. Figure 6.24 shows the time evolution of the
droplet location zc for different viscosity ratios. We note that for a moderate size
(e.g. a = 0.7), a less viscous droplet migrates faster towards the channel centerline.
The effect of the viscosity ratio is also examined for a relatively small droplet with

















Figure 6.21: Influence of drop size a on the droplet centroid location zc. Sizes
a = 0.25, 0.4, 0.7 are included. For all cases, the capillary number is Ca = 0.2 and






























Figure 6.22: Influence of the capillary number Ca on the droplet centroid location
zc. (a) A small droplet with size a = 0.25 deforms at capillary numbers Ca =
0.05, 0.125, 0.2 and viscosity ratio λ = 0.125. (b) A droplet with a = 0.7 deforms at
capillary numbers Ca = 0.05, 0.125, 0.17 and viscosity ratio λ = 1. The droplet is




Figure 6.23: Three-dimensional profiles of droplets set free at zc0 = 0.2 with viscosity
ratio λ = 1 and size a = 0.7: (a) Ca = 0.05 at t = 0.6 (b) Ca = 0.125 at t = 1
and (c) Ca = 0.2 at t = 1.2. The geometries shown are the most deformed droplet
interfaces.
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that a less viscous droplet (i.e., λ = 0.125) migrates towards the centerline in a
noticeable manner, while the droplet with a higher viscosity almost maintains its
original distance to the channel centerline.
6.7 Conclusions
In this chapter, we examined the motion of a single droplet in a microfluidic channel
filled with another immiscible fluid. We first investigated the influence of the droplet
size, capillary number and viscosity on the droplet interfacial shape as well as the
droplet translation speed along the channel centerline. We found that as we increase
the droplet size, the droplet deformation (i.e., elongation along the flow direction)
increases due to the confinement of the channel wall. On the other hand, the droplet
speed decreases with the increase of the droplet size due to the larger interfacial area
exposed in the region with higher shear force in the channel flow. A higher capillary
number is found to incur a larger elongation and a thicker fluid film between the
droplet and the channel wall. The effect of the capillary number on the droplet shape
is more prominent for large drops. With a fixed droplet size but an elongated shape,
the droplet for a larger capillary number blocks less area in the micro-channel. As a
result, a higher droplet velocity is achieved. Nevertheless, the effect of the capillary
number on the droplet velocity is evident only for droplets with size a > 0.65.
Our results also indicate that a less viscous droplet moves faster in the channel
with other parameters fixed. The droplet speed decreases with the increase of the















Figure 6.24: Influence of viscosity ratio λ on droplet centroid location zc. Viscosity
ratios λ = 0.125, 0.5, 1 are included. For all cases, the droplet size is a = 0.7 and













Figure 6.25: Influence of viscosity ratio λ on droplet centroid location zc. Viscosity
ratio λ = 0.125 and 1 are included. For both cases, the droplet size is a = 0.25 and
the capillary number is Ca = 0.125. The droplet is set free at zc0 = 0.2.
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viscosity ratio for λ ≥ 1. For λ < 1, the droplet deformation is almost independent
on λ. By comparing the droplet behavior in the square channel with that in a
cylindrical tube, we found that the droplet deformation is smaller and the droplet
speed is higher if the capillary cross-section is square.
The cross-stream motion of the droplet set free at a location off the centerline
is also of great interest in microfluidics. We found that a droplet with a moderate
size moves fast towards the channel centerline while the migration of a very small
droplet is extremely slow. A droplet with a larger capillary number or a smaller
viscosity ratio was found to travel faster towards the centerline.
Our numerical study investigates the velocity and shape of a droplet traveling
in a microfluidic channel, predicts the influence of the droplet size, capillary number
and the viscosity ratio on the droplet behavior, and thus may guide the design or
operation of microfluidic devices, especially for droplet sorting devices.
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